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Abstract

This paper is the result of a two months internship at Imperial College London
supervised by Pierre Degond, Antoine Diez and Amic Frouvelle. We modify the
PTWA model introduced in [3] and consider a not normalized force acting on the
individuals. We investigate the phase transitions that rise from this modification and
study their dynamics.
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1 Introduction

Flocks of birds, schools of fish and more generally collective behaviours in animal so-
cieties have recently drawn the attention of many fields including mathematics, physics
and biology. There are many approaches to study the behaviour of agents with local in-
teractions that led to different types of results. One can for example find a biological
approach in [9], [10], [1], [TT] and a physical approach in [2]. This paper is concerned with
a mathematical point of view. We translate the problem of finding the behaviour at large
scale of N agents into the research for a probability distribution that satisifies a Fokker-
Planck equation. This method allows us to find rigorous proofs and to tackle questions of
stability. The main part of this paper is devoted to the 2 dimensional case but an idea of
the model in greater dimensions can be find in the last sections. In the first part of this
paper we present the PTWA model and introduce the modifications made in order to get
our main model. The modifications are mainly the suppression of the force’s normaliza-
tion. This seemingly minor modification leads to an appearance of phase transitions that
depend on a threshold linked with the density of individuals. Then we consider the large
time and space scale dynamics of a two-dimensional particle subject to our model. This is
done with a hydrodynamic scaling. This scaling depends on a parameter € that describes
the ratio of the microscopic scale to the macroscopic scale. The second part is devoted to
the complete study of the model when ¢ — 0. We find that the probability distribution
converges to an equilibrium which depends on its density. The third part of this paper is
concerned with the stability of these equilibria. Finally we suggest the generalization of
the model in other dimensions.

2 Presentation of the model

2.1 The PTWA model

The PTWA model (Persistent Turning Walker with Alignment) has been introdu-
ced in [3] as a combination of the Cousin-Vicsek alignment model and the PTW model.
Cousin-Vicsek algorithm is used to represent the interactions between individuals in ani-
mal societies. If we denote by k the k-th particle, n the time, and At the time step and
X} its position this algorithm reads

XM = X7+ ! At

wy represents the velocity of the individual, belong to the unit sphere and is updated in
the following way :

Wit = op
{jﬁ and Ji =35 1x, x,1<r ) -
The authors from [4] then introduce a frequency of interaction v and add a Brownian mo-
tion B; in order to find the continuous dynamic system (i.e when At — 0) :

where @} is a random variable on the sphere centered at &} =

= CWk

dt
dwy, = (Id — wy @ wy) (vordt + V2DdBy)



The integrals should be understood in the Stratonovich sense. The matrix Id — w ® w
simply represents the orthogonal projector onto the hyperplane orthogonal to w. These
equations can be interpreted as a competition between the trend to alignment modeled
by the first term of the second equation and randomness due to the Brownian motion.
The idea from [3] was to combine this algorithm with the PTW model. The PTW (Per-
sistent Turning Walker) model was introduced to approximate the displacement of an
individual fish (with no alignment interaction) and is based on empirical results (see [§]).
The main idea is that the fish evolves with a speed of constant norm but with random
changes of curvature.

FIGURE 1 — Image and caption taken from [8]. Nine fish trajectories. The trajectories are
displayed ranked by the fish speed, from the slowest (fish 1, mean speed 0.16 m/s) to the
fastest (fish 9, mean speed 0.56 m.s). The outer circle indicates the tank wall and axis
units are in meters.

These trajectories lead the authors from [§] to a system of differential equations for
the fish trajectories which is an Ornstein-Uhlenbeck process and reads :

.
d—fzcﬁ(e)
"
a ~

dy = —avydt + bdB,

which is a two dimensional result. & = (z1,72) € R? represents the center of the fish.
U(0) = (cosf,sin ) is the director of the velocity vector and 6 € (—m, w| with # measured
from z; direction. v € R is the curvature of the trajectory and dB; is the standard Brow-
nian motion. ¢ is the constant magnitude of the velocity. a and b are two constant that
represent respectively the relaxation frequency and the intensity of the random curvature
jumps.

Combining these two models, the authors from [3] suggested a system of differential



equations called the PTWA model with a population of N agents (fish for instance) and
the motion of the " individual is given by :

d;

(2.1) = cvi(6;)
do;

2.2 — = ey

(2.2) o =7 |
(2.3) dv; = a(vy; — vi)dt + bd B,
with

’_}/,L = 17(91) X ﬁz

and

Jj=1..N,|x;—xj|<R

where the notations are the same than in the PTW model. v is the typical value of
the individuals’ trajectory curvature. v7; (with 4; being a cross product) represents the
curvature to achieve for the indidual to align with his neighbors. In order to illustrate this
model, we show an image from the article [3] representing a fish adjusting his direction
(after a time of order 1/a) in order to align with his neighbors with direction Q. The
curvature is then approximately equal to v7.

FIGURE 2 — Image and caption taken from [3]. Illustration of the model (2.1)-(2.3). On
the left figure, a fish is turning to the left, while its neighbors are moving to the right

(2). After a certain time of order 1/a, the fish adjusts its curvature in order to align its
velocity with € (right figure).

Reading the equations, we find a competition between the alignment with neighbors
and the tendency for a fish to have a random curvature change (due to the brownian
motion). This last behavior is interpreted as a fact that the fish has a tendency to explore
the horizons. The main problem in the PTWA model is to study the macroscopic limit
which has been treated in [3]. After scaling the variables so that displacement is of the
order of the interactions the purpose is to study this model for large scales and time which
corresponds to the time and scale of an experiment. We shall describe this idea in the
next subsection.



2.2 Main model

In the PTWA model, we notice the normalization of the .J; vector to €; = |§Z| . Thus the
interaction term (i.e the first term of cannot be recast as a sum of binary interaction
and has a singularity when J; — 0. In this case, we find that the particle distribution
(that we shall introduce later) converges to an equilibrium with no phase transitions.
Taking off the normalization has led to results with phase transitions which means that
the fish can both be aligned or follow a uniform law of probability depending on some
parameters. Indeed in [6], the authors investigate the system of self-propelled particles
with alignment interactions and show that phase transitions appear depending on the
density of individuals using results from [7]. It is important to note that the model from
[6] is close to our model, the difference being that in their model the interaction acts
directly on the velocity itself whereas in our model the interaction acts on the curvature.
We now provide the equations for our model.

We consider first the equations (2.1) to (2.3) and

(2.4) Yi=00:) x J; = % > u(6;)

j=1..N,|z;—z;|<R

Remark 2.1. Instead of the condition |z; —z;| < R it was possible to introduce a collision
Kernel Lipschitz and bounded as in [6]. Moreover, we take ¢ = 1 in J; in order to respect
the dimensions (notice that 9; is dimensionless).

We now introduced scaled variables. We use as in [3] zp = v~! as space unit, to = (cv) ™!

as time unit, 70 = z;' = v as curvature unit. And we introduce dimensionless time
t'=1t/ty, 2’ = x/xo and 7' = /. In scaled variables we get (omitting the primes) :

dz;
(25) 56,
do;
2. P
(2.7) dyi = A(%: — vi)dt + V2adB;

where #; is defined by (2.4) with R - v renamed by R again and where

)\ = ﬂ’ a2 = i

cv 2c13
The two coefficients quantify the strength of the interaction compared to random motions.
We now introduce the probability distribution f(¢,Z,6,v)dzdfdy which gives the proba-
bility to find a fish at time ¢ in a small neighborhood of position #, velocity angle 6 and
curvature . This type of reasoning is often seen in the domain of kinetic theory where
the population is supposed to be large enough i.e N — oo. Following [3] (see section 3)
and using — we have the following equation for f (dropping vector’s arrow for

clarity) :

(2.8) OWf+v(0) Vof +700f + X0, [(7 —7)f] = 20 f

with

(2.9) 7 =wv(0) x J(z)

and

(2.10) J(z) = / v(0) f(y, 0, v)dydOdy
|lz—y|<R,0,y
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We can notice that this model is a two-dimensional problem. Another model which is 3
dimensional has been proposed in [2] where rotational symmetries and conservation laws
allow the authors to tackle down the problem in a physics way and consider a network of
neighbor without a collision kernel.

Now in order to simplify our future model we introduce new notations. Writing
f(ta €, 9, 7) = fU.f(t/tm Z, 07 PY/?O) we get (drOpplng the tlldeS> :

t
0tf + toU(@) . vxf = —tQ’YO’}/@@f - )\fofg(?](@) X ‘]f>@7f + )\toav(’}/f) + ()427—02872](
0

With
(0%
fo= 153

Q
Yo = ﬁ \3/2

we find

(11)  Of +t00) - Vaf = Bi( = 100f = 70,f ) + B85 (1) + 0y2f )

and 5, = to\/—§ or B, = Mty can be equal to one depending on the value we choose for t.

We are interested in the problem (2.11)) with (2.9), (2.10).

3 The macroscopic limit

3.1 Hydrodynamic scaling

We are interested at observing the system at large scales. For this purpose we introduce
a small parameter € and the new variables 2’ = ex and t' = t. It is important to note that
we introduce a linear relationship between the new and old variables. Had we thought
the asymptotic regime would be of diffusive nature we would have introduced a quadratic
relationship as in [5]. We also introduce f=(t',2',0,v) = E%f(t, x,0,7). The factor 1/¢% in
front of f is not necessary but allow us to keep the same number of individuals. After
omitting the primes and inserting f¢ in we get :

(31)  e(Of* +tov(8) - Vo) + Sy (vaaff +3°0,f ) = (f%(vff) + 33f5)

where
(3.2) 7 =v(0) x J5- ()
and
c : dy
(3.3) felz) = v(0)f*(y, 0,v)— dod
lx—y|<eR,0,y €

Lemma 3.1. We have the expansion :

(3.4) Jie(t,x) = Jpe(t, ) + O(e?)
where the local flux J; is defined by

(3.5) Jf(t,a:):/e v(0) f(x,0,~)d0dy
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Before getting down to the proof of Lemma 3.1 we provide an explanation to this
result. In (3.3) we notice that the radius of the interaction ball is of order £ R. This means
that the interaction radius gets smaller as we look at larger scales i.e the radius is tied to
the microscopic scale. This leads us to understand that the information available to the
individual is local and thus up to order 1 in € the equation becomes local.

Proof. Let us expand f¢ at second order in € assuming it is smooth enough. ¥(z,y,6,7) €

R? x R? x (—m, 7] x R, 3¢ € [0, 1] such as

fa(yaeafy) = f‘s(x787fy) + (y—ZL') ’ V:vfa(xu‘gv’y) + %(y—I)Tﬂxfs(l’—i-g(y—JI),Q,’Y)(y—JI)

where H, represents the Hessian and (y — x)” the transpose of (y — ). We insert this
formula into the integral (3.3) and use the change of variable y = = + eu. We get

Ji(t,x) = /|u|<R du/@wv(Q)fa(x,G,'y)deij/ v(0)eu - Vo f(z,0,7v)d0dy + O(£?)

|u|<R,0,y

where O(g?) is obtained assuming f¢ and its derivatives are correctly bounded. The second
term vanishes as [ ul<R udu = 0. Finally we normalize the coefficient f|u| g du which is the
volume of unit bah in dimension 2 to be 1 by modifying the collision kernel. The lemma

follows. 0
Equation becomes
(3.6) (O f +tov(0) - Vo fF) = Q(f7) + O(?)

with the collision operator ) defined by

(3.7) QUf) = B1( = 100f = 7°0,5) + 520, (1) + 052
with

’75 = 'U(g) X st

Notice that the collision operator acts only on the variables # and + and leave the
other variables t and = as parameters. Hence the idea is to study () as an operator acting
on ¢ and v only. We remind that the main goal is to determine the model’s limit when
e — 0. With that in mind we suppose for instance that f* converges to an equilibrium f.
Then the left hand side would vanish when ¢ — 0. This would leave us with Q(f¢) = 0.
Therefore we want to study the equilibria i.e the functions f such that Q(f) = 0.

4 The collision operator

4.1 Equilibria
In order to study the equilibria as in [3] we define § such that

_ J e
v(f) = Q- = ’J;’

We get B
U(Q) X st = ’st|Sln(9 — 9)



And thus

(4.1) QU = B =00 = sl sin(@ = 0)0, ) + B (05 (1) + &)
We also define the density p; associated to f by :
(4.2) ps(@,t) = i f(t,,0,v)d0dy
o

Notice that the collision operator can be decomposed in two parts : a skew-ajoint
operator (i.e (T'f,g) = —(f,Tg) where T is the operator) which is —ydpf — |.J;|sin(f —
0)0, f and a self-adjoint operator (not for the same dot product) : d,(vf)+92f. The main
difference with the equilibria of [3] is that our equilibria will be find implicitly given. For
the skew-adjoint part, we introduce the function :

2
H1(9,7) = =|Jf] cos(9) + 1
and we adopt the convention that for any function h(6,7) :

(43) th (&7) = h§<977) = ]’L(Q - 97 ’7)

with v(6) = Q. Notice that :

2
(4.4) HY = —J;-v(0) + %

This previous remark is not useful for the moment but will be used for the stability
section.
Using these notations, for any smooth function f, the skew-adjoint part of ) can be

written as :

(45) = Bryouf = il Jylsin(0 — 0)0, f = B (D0 0, f — 0,100 f) = B {1, }

0,7)

using the Poisson Bracket {-, -}, formalism in the (6,v) space that we write {-,-} from
now on for sake of clarity. Therefore any function of the form g(Hp) satisfies { Hg, g(Hp)} =
0.

On the other hand, the self adjoint part of () satisfies :

(4.6) B205(vf) + BQag,f = (20, (/\/'67 (%/))

where N is the Gaussian distribution with zero mean and variance 1 :

(47) Niy) = \/; exp (- 1)

In particular, the Gaussian A is in the kernel of the self-adjoint part of (). We combine
the two previous observations to define the function :

2

(4.8) LLJ(Q,’V):CGXP(—HJ):CeXp<—(%—|J|COSQ>>

where C'is the normatization constant such that the integral of u is one. The translates
g of 11 in the sense of definition (4.3]) are of the form g(Hj) and are Gaussian distributions

8



in v with variance 1. It follows from a simple computation that pg is an equilibrium for
Q@ for all real values of 6.
We define the Von Mises distribution M :

(4.9) M’ () = Cyexp <|J] cos 9)
where Cy = (27r!0(|J|))_1 represents the normalization such that [, M7(0)d0 = 1

with Iy the modified Bessel function of order 0. Note that in comparison to [3] we need
to let M depend on J, which will lead to phase transitions. We can write p as a product

of M given by (4.9) and N given by (4.7).

(4.10) u(0.7) = M (ON(7)
The properties of () are summarized in the following proposition :

Proposition 4.1. i) The operator @ satisfies :

@(%) )2d9d7 <0

f N
4.11 ——dOdy = — —
(4.11) , QU ==, / N

9
with p defined by (@ and 6 such that v(0) = Q.
i) If f is an equilibria of Q (i.e the functions f(6,7) > 0 such that Q(f) =0) then f
s of the form :
(4.12) f= pugf with p € RT,0 € (—m, 7]

where p is the total mass and 0 the direction of the flux of pug. Note that if we integrate
with respect to (8,7) then p = py where py has been defined in .

Proof. (i) Combining and ([4.6]), we find :
(113) Q) = {Hy. 1+ 60, (Wor (L)

Using (4.8)), the fact that the Poisson bracket with f is a derivation and a skew-adjoint
operator, we find :

/9 a1} £d9d7 = /9 e (- Hg) {exv (H5). 1} gd(‘)dy

L {exp (Hg) , f} Fdod~ = 0.

Co Jo

Then using the formulation of @ in (4.13]), we easily deduce the equality by
applying Green’s formula.

(ii) If f is an equilibrium for @ (i.e Q(f) = 0) using the equality in (4.11)) we have f
is proportional to N as a function of . Therefore we can write :

f6,7) = e(O)N(7)
Using that f is an equilibrium, we have :
—7¢'(0) + | Jy| sin(0 — 0)y0(0) = 0.

Solving this equation leads to ¢(#) = C/\/le{f (#) with M given by 1} Hence f is of

the form f = p,ue‘]g, with p > 0 and 6y € (—m, 7|
O



We now have an implicit equation for f when it is an equilibrium. Let’s first compute

Jy for f given by (4.12]).

1= [ oniiotodoay
s

cos 6

= (MN(’y)C’O exp (]Jf\ cos( — 90)> (sin 9) dfdry

Then by the change of variables ¢ = 6 — 6, and using oddness considerations, we obtain

Ty = oo [ exp (1ot costoiontd) = p7l1 (0

where Iy, I; are the modified Bessel function of order 0 and 1 and the fact that the
normalization of Cy = m of M” has been used. We notice that J; = |.J;|v(f) which
leads to the following equation for k = |J¢| :

f¢ exp (/{ cos(gb)) cos(¢)de I (k)

(4.14) K=p =P = pelk)
Jyexp </€ cos(gzﬁ))d(;ﬁ o(r)
Let K — 0. As in [6] we are interested in the quantity x — C(:). A simple Taylor
expansion in the two integrals allow us to conclude that hII(l] @ = % We also notice that
KR—

K %i) is decreasing. Therefore there is no other solution than x = 0 if p < 2. On the
other hand, if p > 2 there is a unique strictly positive solution in addition to the trivial
solution £ = 0. This discussion is summarized in the following graph where s has been

plotted in function of T’;) :

With this reasoning we find the following proposition :

Proposition 4.2. (i) If p < 2, k = 0 is the only solution to the compatibility relation
. The only equilibria are the isotropic ones of the form f = pN () /21 with arbitrary
p=>0.

(i1) If p > 2, the compatibility relation has exactly two roots : Kk = 0 and a unique

10



strictly positive root denoted by k(p). The set of equilibria associated to the root k = 0
consist of the isotropic equilibria f = pN () /27, with arbitrary p > 2. The set of equilibria
associated to the root k(p) are of the form f = pug(p)g with arbitrary p > 2, Q€S and

such that v(0) = Q.

The proof of this proposition has been provided above. We now make some comments
about this result. First of all the factor two may come from the dimension of the problem.
Indeed, in [6] where a model of dimension n (acting on the velocities) has been proposed,
the threshold found is n. Moreover we prove in the last section that the threshold in the
3 dimensional case for our problem is 3. The second result is that when the force is not
normalized phase transitions appear, from isotropic and disordered states at low density
to more aligned states at high densities.

5 Taking the limit ¢ — 0

5.1 The disordered and ordered regions

Recall the proposition and more precisely the threshold ( = 2. This threshold
leads us to consider two regions in our space so that the solution will converge in a sense
defined later differently in those regions. Note that p depends on the variables (z,t). We
thus define the disordered region R4 and the ordered region Ry as :

(5.1) Raq={(z,t)| (= pe(x,t) >¢e, ase — 0}
Ro ={(z,t)| ¢ — pe(2,t) <&, ase — 0}

We now make a hypothesis that allows us to continue our work :

Hypothesis 1. When € — 0 we have :

(5.3) o= p(z, N(y)/27,  ¥(,1) € Ry
(5.4) 2= pla, )P0 (a,t) € Ry

where p(z,t) has been defined in (4.2) and we assume that the convergence is as smooth
as needed.

Now this hypothesis that also appears in [3] and [6] seems normal but it is in fact a
difficult result. But some equivalent has been shown and we refer the reader to [12] for
instance and leave that for future work.

In order to completely determine f we need to find equations satisfied by p(z,t) and
Q(x,t). This is the object of the following subsections.

Before getting down to the problem in both regions we first note the mass conservation
equation in both regions.

Q(f*)dbdy =0

0,y
Integrating (3.6 with respect to (0, v) leads to the following equation for p°(z,t) :

(5.5) O + V- Jpe = 0.

11



5.2 The order 1 in ¢ in the disordered region

In the disordered region we have (5.3). Hence Jre — p(x,t)/27 [, v(0)N(7)dfdy =0
and (b.5]) leads to

with p being the limit when ¢ — 0 of p°. We obtained what we required in the disordered
region but as in [6] we look for more precise information at the next order in «.
For this purpose we follow the idea of [5] and we notice the following proposition :

Proposition 5.1. Let Df = 0,(vf)+0,2f and let f ang g be smooth functions decreasing
at infinity. The following identities hold true :

)
ot [ () gy - [ it

o= [
Df=0 < JceR, f=cN

This proposition shows that the natural L? norm associated with this operator has a
weight /=1, Thanks to this proposition we define the following functional spaces :

H={u:(-m7n xR, >R/ |u(9,7)|2di(/i:y < 400},

0,y
U 2
N|O,( — ‘d@d < ,
| Njor() | vy < oo}
L3 =L*R% H), X =L*[0,T] xR%V)

V:{UGH/

Note that we can expect f to decay fast enough to belong to these sets. We also define
the operator A :

(5.7) Af = =0,(vf) = D2 f + Bryda .

and its domain :

(5.8) D(A) ={u(0,x) €e V/Au € H}
In the following theorem we will also need this proposition from [5] :

Proposition 5.2. Let g € H where H has been defined above. Then, there exists u € D(A)
such that
Au=g

iof and only if g satisfies the following solvability condition :

/ 9(0,7)dbd~ = 0.
0.y

Moreover, the solution u is unique up to a constant times N'. A unique solution can be
singled out by prescribing the condition

/ u(@,~y)dfdy = 0.
0,y

12



These tools allow us to find the following theorem for the computation of f¢ up to
order 1 in ¢ :

Theorem 5.1. When ¢ — 0, the formal (first) order approximation to the solution of the
rescaled equation (@ for f¢ € D(A) in the disordered region defined by 1S given

by :

po(z,t)
2

(59) fa(ta xz, 07 7) = N(’}/) + 5( — Xd - vmps + %Jff : U(Q)N(’y)>

where x4 has been defined in the following proof and Jg: satisfies the following equa-
tion :
2M -V, p°
2—p*
where M = fevxddedv and the density p® satisfies :

Jp =

2M - Vzp‘E)

(5.10) o =<V (S5

Remark 5.1. It is possible to find x4 such that M = 0. This would lead to fe(¢,x,0,~) =
CEON () = exa - Vap'.

Proof. We write f¢ = p*(x,t)N(v)/27 + eff(t,x,0,7). Recall ({4.2]) and the definition of
N. Integrating with respect to (6,~) gives fe7 fidfdy = 0.
We also have :

(5.11) st :&]ff

With
QU = B1( = 100f = 70,1 ) + B0y (N (J%))

we find using (3.6)) :

(5.12) PN (7)/27 + tov(0) - Voo N (7) /27 + (O fT + tov(0) - Vo ff) =
— B0t — B0 5 + 520, (N, (1)) + B () om

From (5.5) and using (5.11)) we have 0;p° = O(e). In order to find ff we may only
retain the terms of order 0 in (5.12)). We get

(5.13) 50, (N0, (41)) = 00 (6) - Vup™N ()2 — BAiaN () 27 + B + O(e)

Now we make the choice f3 = 1 (choosing the value of ¢ty = % until the end) and we
write (dropping the € on f§ for the sake of clarity) :

(5.14)  0y(vf1) + 02 fi = BryOp f1 = tov(0) - Vaup N(7) /2 — By N (7)p 27 + O(e)

We are looking for solutions of the form :

13



f1(0,7) = fo(7,0) + ()N (7)

where ¢ is a fixed function that we choose so that the the second term of the right hand
side vanishes. We get :

£

(5.15) o(6) = L= 75 - v(0)

It only remains to find f, which satisfies :

(5.16) 95(vf2) + 02 f2 = B17v0s f2 = toN (7)Vup® - v(0) /27
(5.16) can be written as

—Afy = toN(7)Vap© - v(0)/2m.

Using proposition with ¢ = 22N (y)v(0) € H we find x4 a solution associated to
Au = g and we get fo = —xq- Vup°
Now using ([5.15)) :

fi = =xa- Vet + 205 0 ON()
Multiplying by v(#) and intgrating with respect to (6, ) yields :

(5.17) Jp = —M - Vop° + %Jfl

where M is a constant vector with respect to (6,). This leads to

2M -V ,p°
In=—"5
—p
Reinserting this expression into the expression of f; completes the proof. ]

Remark 5.2. We note the presence of the term (2 — p°) in the denominator of f<. Indeed
this approximation is only valid in the disordered region and blows up as p — 2.

5.3 The ordered region
In this region we have (5.4))

Theorem 5.2. When € — 0, the formal limit to the solution f¢(t,x,0,7) of (@, in the
ordered region Ry C R? defined by s given by

(5.18) Ft,2,0,7) = pla, )y PN (g 4y

where ,ugﬂ 15 defined by , 0 such asv(f) = Q¢ and B is the unique positive solution to
the compatibility condition . Moreover the density p > ¢ and the orientation Q € $*
satisfy the following system of first order partial differential equations :

(5.20) PO+ cop(2-V,)Q 4+ c3(Id — Q@ ) Vp + cap(ld — Q@ Q)V,p =0

where the coefficient ¢; = ¢1(k(p)) is defined by and the coefficients ca, c3, ¢4 are
defined by (5.39), and :
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We prove this theorem in the subsection entitled proof of theorem 5.2. In order to
prove it, we need two conservation equations. However, other than the mass conservation
combined with the compatibility relation which lead to there is no other obvious
conservation equations. To completely determine our system i.e find the density p and
our unit vector €2 we have to look at the collisional invariants. This is the object of the
following subsection.

5.4 Generalized collisional invariant

We introduce as in [3] the generalized collisional invariant. A collision invariant of the
operator () is a function ¢ which satisfies :

Q(f)wdfdy =0, for all f.
6,y

There is no obvious collisional invariant apart from the constants. Hence we introduce the
following definition :

Definition 5.1. For a given J = xQ and a given distribution f(6,~), we define the linear
‘extended’ collision operator Q.o (f) by :

Qua(f) = {Haua, f} + 520, <Na’“ </%/>>

where the notations are that of (4.3). We note that

Q(f) = Qu,(f)

The definition of a Generalized Collision Invariant is the following one :

Definition 5.2. For a given vector J = k{2, a function v.q is called a Generalized
Collisional Invariant (GCI) if it satisfies :

Qua(f)adddy =0, Vf such that J; x Q=0

0,y

We note the following adjoint operator of Q,q :

“o(¥) = Bi(v0p + ksin(d — 0)0,1) — YO, + D20

with 6 such that Q = v(#). This operator gives us the following lemma for a GCI v,q
where a proof can be found in [3].

Lemma 5.1. For given (k,Q) € R x S, a function v.q is a generalized collisional
mwvariant if and only if there exists a constant § € R such that :

(5.21) () = BU(0) x

Following [3] we use the notations :

(5.22) L= 110.0)/ [ \fPudody < +oc),
(5.23) (f, 90 = ) fandody.
. = dfdr.
(5.24) (9 /Mgu )

15



We also define the hyperplane E :
E={sery/ | fudsay=o)
0,y

and the linear operator L :

(5.25) Lp = Bi(v0p — ksin(0)0y1)) — vO,) + 0,21
with domain D(L) given by :
D(L)={feL;/L.f €L}
We also get from [3] the following lemma and proposition :

Lemma 5.2. (i) Let x € Li. A necessary condition for the existence of a solution i €
D(L.) of problem

(5.26) Lo =x

is that x € F.

(ii) For all x € E, the problem has a unique solution v in E. Then all solutions
to problem are of the form ¢ + K with an arbitrary K € R.

Proposition 5.3. For given (k,Q) € R x $!, the cet Crq of the GCI'’s associated to € is
a two dimensional vector space Cyoq = Span{l,q} where g is given by :

(5.27) Ura(0,7) = V(0 —0,7)

with 0 such that v(0) = Q and ¢ is the unique solution of :

(5.28) L) = —sin(0),
belonging to the hyperplane E. Moreover, the function 1 satisfies the property :

(529> ¢(—97 _’7> - —¢(‘97 ’7)

5.5 Proof of theorem 5.2

Proof. Recall that in the ordered region we have ([5.4). Now thanks to the compatibility
relation : J = pci§2 where ¢; = ¢1(k(p)) is defined by (4.14). Therefore using (5.5)) in the

limit ¢ — 0 we get :
Op+ V- (pc12) = 0.

In order to fully determine our system we use the generalized collisional invariants. We
integrate (3.6 against the generalized collisional invariant t¢eq- defined by (5.27)). This
leads to

| O+ 16000) - T ety =
0,y

In the ordered region we have f¢ — p(x, t)ug(pm(x’t).

In the limit € — 0 we find :
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(5.30) Oh(p MG N Y badddy + / t00(6) - Vo (pMG " N ndbedy = 0.

0.y 0,7

Using the chain rule and (4.9) we get :

0 (pMG) 4 to0(0) - Vo (pMGP) = 9pMEPE 4 pMEP i sin(0 — 0)9,0
—ng(") CokOrpIi (k) —topM; we) OOKU(Q)'V;EPE(R)—!—,OM;( /icos(e 0)0,p+tov(6)-(V zp./\/l”(” )
+ ng(p)fo sin(0 — 0)V,0) + tov(8) - (p./\/lg /fcos(e —0)V.p))

with Cy = Iy(k)™' and where £ is the derivative of xk with respect to the variable p
and I; the modified bessel function
Therefore equation ([5.30]) leads to :

O pMgNadfdry
0y

+ Ii/e pMgN sin(0 — 0)0,00pgdfdry
Y

— i [ M Codphy ()bt
Y

" /9 topMEP Cofen(0) - Vol (k)igdddy
Y

- fz/@ pMGN cos(0 — )0, pipgdfdry
Y

[ ton(0)- (TuoMoN vt

+ Ii/e tov(0) - (pMgN sin(0 — 0)V ,0v5)d0dry
Y

+ f%/e tov(6) - (pMgN cos(0 — )V pibg)dfdy = 0
Y

We write X1, Xo, X3, X4, X5, X, X7, X5 the eight terms of the equation. Using the sym-
metry satisfied by ¢ in (5.29)), the fact that ¢ is odd and M (0)N (v) and M (0)N () cos(6)
are even we get X1 = X3 = X5 = Xg = 0. For the second term, the change of variables
0 =6 — 0 leads to

(5.31) X, = kpdyfm
with
(5.32) Y1 = (sinb),

where the notation (5.24)) has been used. For X, we use the change of variables ' = § — 0
and the symmetry satisfied by ¢ to get :

I
(5.33) Xy = —fitopr

(k) 7yL
Io(k) nVap- o)

17



— sin_é
cosf
The same reasoning for Xg leads to

where v(0)*+ =

(5.34) Xg = ton1 Vap - v(0)*

The same applies reasoning for X, applies and for X7 and we find :

(5.35) Xy = toryapVa0 - v(0)
with
(5.36) Y2 = (cos @ sin b)),

Combining (5.31)), (5.32), (5.34)), (5.35)), (5.36) and the fact that X; = X3 = X5 =
Xg =0 yields :

Il(li)
Iy(k)

(5.37)  KkpdOy1 + to1Vap - 11(97)L + tokyapVa0 - v(0) — Ktop Y Vap - 1}(9)L =0.

We note that 2 = v(6) and :

3tQ = 8téQJ_ and (Q . Vx)Q = (QJ_ X Q)Vxé
Therefore multiplying equation (5.37) by Q* leads to

(5.38) PO+ cop(2- V) Q4+ c3(Id — Q@ ) Vp + cap(ld — QR Q)V,p =0
with
(5.39) ey =t 2
g1

lo
5.40 = =
(5.40) €8 ="

to/%?]l(/i)
5.41 =
(5.41) “ klo(kK)

5.6 The order 1 in ¢ in the ordered region

As in the disordered region, we are interested by the first order in € of f¢ in the ordered
region. For this reason we write :

(5.42) o= plz, g +eff

For sakeness of clarity, we drop the e index on the functions. (5.42)) leads to the
following equation for J;.

o =t ) =

We find the following theorem :
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Theorem 5.3. When ¢ — 0, the formal (first) order approzimation to the solution of the
rescaled equation (@ for f¢ € D(A) in the ordered region is given by (dropping €) :

p(0,t, fv)M)

(5.44) Flt2,0,7) = pz,t)p)’ + 6<Xo A

where x, has been defined in the proof. ¢ is defined as follows :

; M eeX -v(s))ds
Bi B () )aﬂ/ p(Jy - v(s))d

+Mmﬁ/v@mmﬁwﬁﬁ—%/(@V&UMﬂw%@MW%)

2(8) = exp(~Jp - v(@) (- 2

where

Aty ) = =5 (tVap + p%E = Vol Iy 2020

Io(|Jy

Proof. We remind that ¢(|J¢|) — 1/2 when |J;| — 0.
Writing i instead of ugf for sake of clarity and using 1) leads to :

dJ
(5.45) &(Orpp + tov(0) - Vapp + pud—tf ~v(0) + tov(0) - (v(O) V- Jp)p—

(197 + v(8) - Val Je) L (1 )
Lo(] 1)

) + toU(@) . Vx -+ 62(atf1 + t(ﬂ)(e) . Va:fl)
= —ef170sf1 — 551’7fa fi+eo <N8 (j{lf))

with |.J | being the derivative of |J¢| with respect to ¢. Since ¢(|J¢|) is decreasing and
bounded by 1/2 we cannot have (1 — pc(]J¢|)) = 0. Otherwise this would lead to p < 2
which is not possible in the ordered region. Therefore (1— pc(|J¢])) # 0 Multiplying
by (1 — pc(]Jy])) and neglecting the term in £ we find :

(5.46) — B1v0sf1 + 0, (j\/'@ (i}’))

dJg EAIAGA) L (1 J¢1)
= Oypu~+tov(0)-Vpu+ —v@—l—th-UGVxJ —pp———— 0)-V|J
uputtov(0)-Vapprtpp—=v(0)+tov(0)-(v(0)Var Jr)n To(1J5]) (0)-Vs| f|IO(|Jf|>
We decompose f; in the following way :
072(:7
Filt,2,0.7) = folt,a,0,7) + LD
with a fixed ¢ satisfying :
, , oy o LI g 0 Vel i)t p dJys
0)+J¢v' (0)p(0) = — — T () —(0) -V p——— v (0
@' (0)+Jp0"(0)(0) 5P 8 L) ()ﬁ1 To(l 5] 51() S (0)
to P Il(|‘]f’)
— —v(0) - V(Jr-v(0 V| Jf
G006 VaJg - 0(0) — £0(6)- Vel f 5T
We define A(t,r) = (toV p+ pd‘]f ?8;?};) with and we get :
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54T O+ Iy 0)p(0) = =F-0p+ Alt.x)-0(0) = F0(6) - V(s - 0(0)

Searching for a solution of (5.47)) leads to

7 0
o0) = exp(=1; o0 (- 3= 200 [ expl; - o)
0 0
+Ata)- [ ol exp(Jf-v(s))ds—%/ o(s) - Vg - (s)) exp(Jy - o(s))ds)

Finally it only remains to find f; which satisfies :

f N
(5.48) — Br1dnfa+0, (N0, (37)) = (p(@)./\/l(;87<¥)
Thanks to proposition [5.2] we define a solution y, of (5.48)). This ends the proof.
]

6 Stability of the equilibria in the spatially homoge-
neous setting

Now that we have an idea of the possible solutions we want to find how our problem
converges towards the equilibrium and its stability. It means that if we take f¢ close to an
equilibria the problem is to find if f¢ converges to this equilibria as ¢ — oo and if possible
find its rate of convergence. In order to study this problem we shall distinguish two cases
as previously which depend on the value of p compared to the threshold 2. Before studying
the stability we first recall the following result which is the mass conservation equation of
the system.

(6.1) | Qupdsay =0

We remind the definition of global rate.

Definition 6.1. Let X be a Banach space with norm ||.|| and let f(¢) : Ry be a function
of t with values in X'. We say that f(¢) converges to f,, with global rate r if and only if
there exists a constant C' which only depends on fj, such that

1£(t) = fooll < Ce™

6.1 Free energy

Free energy methods are often used to study the stability of the equilibria. For this
purpose we try to look for a conservation relation and we rewrite (2.11]) in the space
homogeneous setting (i.e V,f =0) as :

Of =B {He‘af}JFaW(fa'Y(an%/'))

where (4.4) has been used. From now on and for sake of clarity we write H;, instead of
Hy with
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2
(6.2) Hy, = —Jp-v(0) + %
Equation (2.11]) together with (6.2)) becomes :

9 8 = 1,8} +0, (10, ()

Since any solution is positive for any ¢ > 0 there is no problem using In f.
Therefore :

2
N ( In i dfd~

lo(n 7))

/M 0 (In - J0(0)) by = /{M (H,,, f} (ln./\i[—Jf.v(G))de'y—/

0,y

For the first term of the right hand side we get after applying Green’s formula :

/9 {Hy. ) (n - 0(6) oy =0

Hence the previous equation reduces to the following conservation relation :

(6.4) /Matf<1n (/% — - v(@)))d@ch _— /Mf 87<1n (%)) ’2d0d7
We define :
(6.5) F(f) = S(/%) —pi— @ with S(f) = | fln(/)Ndody

(6.6) D(f) = /0 K ,(1n (%)) oy

And ([6.4]) reads :

d
. —F+D =
(6.7) 7 0

Since in the homogeneous setting, we have d;p = 0 we define :

and 1' applies for F instead of F
We find the following proposition :

Proposition 6.1 (Stationary solutions). The stationary solutions of f satisfy the
following properties :

(1) Equilibrium : Q(f) = 0.

(i1) No dissipation : D(f) = 0.

(i) There exists C' a positive constant such that In(f) + H;, = C.

(iv) The probability density f is positive and a critical point of F and F (under the
constraint of mean 1). Moreover (i) (iii) and (iv) are equivalent and imply (ii).
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Proof. A stationary solution is a solution independant of ¢. We get that Q(f) = 0. With
the conservation relation we get that £F = 0, so D(f) = 0. (iii) results from (i)
and using the study of the collision operator.

For (iv) we do a variational study of F around f. It means that we take a small
perturbation f 4 h so that f remains a probability density function (i.e f(m hdfdy = 0).

We can expand the function z — xlnx around f since f > 0, and we have :

]?(f+h):/9ﬁfln (%/,)—khln (/%,)dedy— |‘]§‘2 —Jf./Hﬁhv(é)dev—kO(HhHio)

which is (using (i41) and the fact that [, 7 =0) :
F(f+h)=F() + / p(n (i> — Jy - v(0) ) dddy + O(||h %)
0,y N >

= F(f) + O(lIrl%)

The reasoning is the same for F. We get (iv). In order to show the equivalence of (7i)
and (iv) it only remains to show (#ii) starting with (iv). We suppose (7iz). Then for every
h under the constraint f + h of mean 1 we get :

[ n(n () - g5 v0))an =0

This means exactly (4i).
[

This proposition is different from [7] since the properties are not equivalent. Indeed
D(f) = 0 does not imply that f is an equilibrium since the derivative of f in D is only
taken with respect to 7.

We need to show the existence of a unique minimizer of F.
For this reason we show first that F is bounded below.

Proposition 6.2. F is bounded below in the set L'(R x [—m, ), d0d~) by -1/2
Proof. We have :

]?(f):/eﬁfln (L) - 2L Z/Mfln (!

Let g = f/N. We shall use the fact that glng > g — 1 and that fh(g — 1)Ndfdy =1 to
get :

F(f) > -1/2
L]

We also provide two properties of the free energy that are not used but could be helpful
for future work.

Proposition 6.3. The free energy F has a unique nonnegative minimaizer with unit mass,
fm in the set of all nonnegative probability distributions of L*(R X [—7, 7), dOdv) with mean
1 with respect to dfdry : B B

min F(f) = F[fm]
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Proof. We know that F is bounded below by —1/2 with the previous proposition. We shall
also use the fact that for probability distributions L'(R X [—7, 7), dfd~) is equi-integrable
and hence, with Dunford-Pettis theorem, every minimizing sequence is relatively compact
in LY(R x [—m, ), d0dy). We also have f — J; is relatively compact. The existence of a
minimizer f,, follows by lower-semi-continuity. O]

Proposition 6.4. Let f be a solution of with initial condition fo such that j-:(fo) <
+00. Then the free energy satisfies :

0 < e (F - 52 [ 1aypeonas)

where Ky is the constant of the logarithmic Sobolev inequality and is defined in the
proof.

Proof. We use the fact that :

f = [y
)

D)2 Ko | Finiyp) =Kol F)

where the logarithmic Sobolev inequality has been used. Applying the Grénwall’s inequa-
lity to F since %]—" = —D gives the result.
O

The following two properties show the stability of the isotropic stationary solutions.

For a stationary solution f, of 1} and g such that [, 09 fsdBd~y = 0 we define
6.9 —1im = (F[£1 F
(6.9) alg) = lim 5 (FIL0+ 9] - FIL])

Proposition 6.5. We have :

2
alg] = / g fodfdry — | with : wy, = / gfsv(0)dody
0,y 2 0,y

Proof. This results from a Taylor expansion and using the fact that the stationary solu-
tions are critical point of the free energy. O

Proposition 6.6 (Stability of isotropic stationary solution). On the space of the functions
g € L*(f,dOdv) such that fefygfsdey =0, ¢1 15 a positive quadratic form in the disored
region (i.e p < 2). This proves the linear stability of the stationary solution fi.

Proof. We use proposition [6.5 Applying Cauchy-Schwarz inequalty on w, yields :

lw,|? < / g2fsd0d7< £, cos? 0dfdry + fssin20d0d7> - / / & fodbdry
0,y 0,y 0,y JO,y

0,y

This yields

wlo) = (1-5) [ g raoiy

0,y
Since p < 2, ¢ is a positive quadratic form and this complete the proof.
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We recall that a stationary solution is equivalent to be an equilibrium. We find that the
isotropic stationary solutions are stable. The same method doesn’t apply in the ordered
region as p could be greater than the threshold 2. Moreover we do not know yet if any
solutions of solutions converges to stationary solutions (i.e equilibria of the collision
operator). Finally we would like to get a rate of convergence. A way to do that is to use
an adaptation of LaSalle’s invariance principle. For this purpose we make the following
hypothesis :

Hypothesis 2. Every solution of 1) belongs to Hll/N((—ﬂ', 7] x [—00, 00])NL>®((—7, 7| x
[—00, o0]) where H{ /- represents the Sobolev set associated with norm L?* and measure
df\/ﬂ. We also write L instead of L®((—m, 7| X [—00,00]). Moreover f — f, in Hll/N
when ¢ — oo and we have f € H} .

Theorem 6.1 (LaSalle’s invariance principle). Under Hypothesis 2 : let fo be a probability
measure. We denote by Fo, the limit of F(f(t)) ast — oo, where f is the solution of
with nitial condition fy.

Then the set E ={f € H11/N st. D(f) =0 and F(f) = Feol is not empty.
Furthermore f(t) converges to this set of null dissipation functions (in the following
sense) :

dim inf |[f(t) - gllm, = 0.
Proof. We follow closely the proof in [7], proposition 3.2 of the article. F(f(¢)) is decrea-
sing in time, and bounded by —1/2 below, so F, is well defined.
Let (t,) be an unbounded increasing sequence, and suppose with Hypothesis 2 that
f(tn) = foo in H{ )\ and fo € H{,\ with notation from the hypothesis.
We want to prove that D(f,,) = 0. For this purpose we suppose that this is not the case.
We write,

a 2
D(f) = / 10,/ | fyPdody +2 | 0, fydfdy
0,y f 0,y 0,y

2
=/ 19,71 + [ fy*dOdy — 2p¢
0,y f 0,y

Using that f € H for the second term and third term of the right hand side (i.e
dividing and multiplying by v/A/ in the integral and using Cauchy-Schwarz inequality)
we get that if f, is postive, then D, as a function from the negative elements of H; IN
to [0, 00| is continuous at the point f.. In particular since D(f,,) > 0, there exists § > 0
and m > 0 such that if || f — feo|lgs < 0 then we have D(f) > m. The case for f,, only
nonnegative is similar and can be found in [7]. Following [7] we find N large enough and
7 such that for n > N, D(f) > m on [t,,t, + 7|. Up to extracting, we can assume that
tpi1 > t, + 7, so we have :

FUF(tn) = F(f(txsy) = / D) > prm.

tn
Since the left terme is bounded by F(ty) — Fu, taking p sufficiently large gives the
contradiciton.
Now if we suppose that the distance (in H] /n norm) between f(t) and € does not tend
to 0, we get € > 0 and a sequence t,, such that for all g € €., we have || f(t,) —g||H11/N <e.
With Hypothesis 2 we have f(t,) is converging in H® to f.. By the previous argument
we have D(f.) = 0. Since F is decreasing in time we have that F(fs) = Fuo. S0 fuo
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belongs to £ and then || f — foo||H11/N > ¢ for all n. This is a contradiction. Since the

distance between f(t) and £ tends to 0, this set is not empty.
[

It is important to note that we still do not know if the set £ is only composed by
equilibria. We just know that it is composed by some functions with zero dissipation i.e of
the form r(0)N with r(6) a function of . We leave for future work the fact than r must

be the Fisher Von-Mises distribution. The idea would be to show that F is still decreasing
when D(f) = 0 where f is a function with no dissipation which is not an equilibrium.

6.2 Estimates of convergence in the disordered region

We recall the following definition of the set H :

2
H={u:(-m7 xR, = R/ “(‘3{[7) dfdy < +oo}
0,y

Jullis = \/ e
0,y

The disordered region has an equilibrium of the form f = pN(7)1oel—r /27
For this reason we write

and define :

(6.10) fe= g; N Loei-mm + 9

Notice that

/ gdfdy =0
0,y

(3.6) takes the following form (omitting the € and the indicator function for the sake
of clarity, taking 8y = 1 as before) :

£(DH(g) + T16) - V.lg)) + =N() 2

— 17099 — £1770,9 + By EEN () + 0v(vg) + 0,29
2

where 49 = v(6) x J,. Notice that J, = J; and thus 79 = /.

In the spatially homogenous setting, we let V,g = 0. Now we integrate the previous
equations with respect to (6,). Using we find J;p = 0 which means that p does
not depend on ¢ in the homogeneous setting. The homogenous equation takes the form
(writing 7 instead of 77) :

(6.11) £0rg = Bi( — v0sg — 70,9 + WW%N (7)) + 95(vg) + 0,29

We are interested by the stability of the equilibriums in the disordered region which
means that p < 2. We note @,(g) the collision operator associated with (6.11]) so that

€0y = Qp(g)'

If we apply the same reasoning than in proposition 4.1 we get :
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g
(6.12) . Qp(g)ﬁded’y

:_/ N
0,y

where the notations have been defined in proposition 4.1.
We are interested in the quantity :

9\|? P [ - 3 1999 B 79,99
a”</T/>‘ dody + L | F~gdody — B, / FLdbdy - By /M L dody

27 0,y 0,y

(6.13) r(t) = - lgll

With (6.12) and (6.13)), |J¢| cos(§ — 0) = J; - v(#) and using Green’s formula :

a,y(i)rdedy + %

(6.14) (fi—;(t) = —/e N NG

Yygdfdy — b / 7(3\”/9961%7

9,’7 077

If we can find a Poincaré inequality with weights this would lead to something such as

) S 7(0) )

and we shall conclude with Gronwall’s lemma. Since we are in the disordered region we
expect g to converge to 0. We will use the following Poincaré’s inequality for Gaussian
measures :

(6.15) | = sewasar < i [ o, geaasa,
0y 0y
with C' a positive constant and f the mean of f defined as :

f=[ f(Ndody.

0,y

In order to show that u is small enough so that 7 goes to 0 when ¢ — 0o we need to have
some estimations on J,. Indeed suppose that we can take J; = 0 when ¢ is large enough.
Then we would have % (t,z) = — Jo, N105(3%)[Pdfdy and with the Poincaré inequality
(6.15) we would have our result. Of course the estimations such as J;, ~ 0 can only be
found in the region R4 as |J| = 0 is the only solution to the compatibility relation. We
note that J, = J;.

Theorem 6.2. Under Hypothesis 2 and if we suppose that E is reduced to the isotropic
distribution in the disordered region then (which is reasonable with the stability of statio-

nary solution theorem) : Suppose gy is a measure such that fe7 %d@dv < +o0. If we note
g a solution of in the disordered region with g(0) = go then g converges to 0 with
the following rough estimation for ||g||u :

There exists t1 and K such that for t > t1 g(t) converges to 0 with global rate ﬁ :

¢
<K (- —>
lolln < Klgollnexp (= 55

with Cithe Poincaré’s constant.
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Proof. £ is reduced to the isotropic distribution in the disordered region i.e the functions
of the form ZN. This leads to g — 0 when ¢ — oo in Hll/N with theorem .
(6.14) gives the following estimates :

dr /
)< —
dt(> 0.

(N)\ dody + W (1))

where

ﬁf(t)ng(t)(%/ |79|d9d7+61/ ”ggded 7)

Since J, = f@,'y gu(0)dfdry, mutliplying and dividing by v/ and applying Cauchy-
Schwarz inequality we get |J;| < ||g|lz. The same reasoning for the second term of 9
leads to [U(t, )| < £|\gllF + 10,9/l l|9||7- Applying the Poincare’s inequality and using
the definition of 7 yields :

dlgly _ 2 1 2
S < 2 (= o+ 0Ca+ 10uly gl

Ch
where H! 1N is the homegeneous sobolev space with measure d%”

Applying Gronwall’s to ||g||% leads to :

2t 1
oty < ool 0 (= 2= 2+ 2 [ 10uglly (51

We have ||8vg||H — 0 when ¢t — oo with LaSalle’s principle. Let ¢ such that for t > ¢y,
109l (1) < 4&; Moreover in the disordered region we expect o-. Hence for ¢ > #; we get

t 2 t1 t
ol < ool exp (= &) exp (5 / 10,9115, (5)ds — 12+

6.3 In the ordered region

In this subsection, we consider that we remain in the ordered region. In the spatially
homogeneous setting we know that p is constant. To prove it is enough to write (6.3|) for
g = ; and integrate with respect to (6,+). In the ordered region i.e p > 2 we suppose
that the limit set £, can takes two forms : either the isotropic equilibria or the functions
of the form pp,.o with @ € §' and p.0 = MuN. Muap = Coexp(kQ - v(0)), Co being
the normalization of the Von-Mises. We want to describe the set £, based on the initial
datum fy for f. In [7] the authors find that the condition describing the set £, is the value
of Jy,. In their case, if J;, = 0 then Jy remains equal to 0 for all ¢ and &€ is composed by
the isotropic equilibria. In the other case if Jy, # 0 then £ is composed of the Von-Mises
functions. In our case, even if J; = 0 we may have Jy) # 0 for some ¢. Indeed we find
the following ODE for Jy, multiplying by v(0), integrating with respect to (6, ) and
using Green’s formula :

de

(6.16) — 5 /9 o+ £/ (0)dod

For instance with fo = CyN(7)# and C being a normalization constant we have

d‘]f L(t = 0) # 0. For this reason, we leave the research of the condition for the form of £
for future work and we get the following proposition :

27



Proposition 6.7. (i) Suppose &, is reduced to the isotropic distributions. Then in any
H* :
. p B
HLf = o Nl =0
(ii) Suppose En = {ppina, Q2 € $*}. Then in any H* :

e =0

tlirgg ||f - pMHQ(t)|

where €y = Q] is the mean direction of f(t).

Proof. (i) results from theorem [6.1]

For (ii) : we suppose that || f(t) — ppea|/ms does not tend to zero and define ¢, such
that ||f(t.) — picoe||ms > € > 0. By theorem , there exists €, € $!' such that
| f(tn) — pitwa, || — 0. Up to extracting we suppose that Q, — Q. € S. So f(t,) —
Uro.. in H®. In particular we have that J;(t,) = c¢(k)Qo and then Q(t,) — Q. Then
[k, — Mo, giving that || f(t,) — ppieae,) || rs — 0, which is a contradiction. O
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7 Generalization of the model to other dimensions

As in [6] the threshold is n which is the dimension of the Vicsek model we may wonder
if the factor two found in our threshold came from the dimension of the problem. To
introduce the problem in dimension d, here is the reasoning. We first have the following
for the i*" agent :

= CU;

dt

where ¢ is a constant and v a unit vector (the generalization of v(6) from dimension 2).
Now we want to introduce the curvature in other dimensions. We first look at the three
dimensional case. Since dv;/dt is orthogonal to v; and varies with the curvature, we can
write % — I';xv; where T'; is the vector of curvature. We write dI'; = \(T;—I';)dt+v/2ad B,
and I'; = v; x J; with J; = ~ zlmi—xj\SR v; as in the two dimensional problem.

Now for dimension d we want I'; an antisymmetric matric as % 1 v;. And we have
(dropping the index i) :

r
d— =Tv where T4+T7 =0
dt
Iy U1
Trying to find I' a antisymmetric matrix in dimension 3 such that [ I's | x | vo | =Tv
I'3 U3
0 -I's Iy _
weget '= | I 0 —I'y |. Now this means that for the vector I' = v x J in dimen-
Iy I4 0
. 0 UQJl — U1J2 U3J1 — U1J3
sion 3 we would get an associated matrix of the form I' = | v Jo — v9Jq 0 V3o — UgJ3
U1J3 — ’U3J1 U2J3 — ’U3J2 0
whichisT=J®v—v® J.
Let’s summazize :
Dimension 3 : Dimension d>3 :
da?i
d ; = CU;
d:ff - 55-
dU' dZ:Fivi Fz‘l—F?ZO
! — Fz X U; t _
Fi =v; X Jl c
c Ji = N Z Yi
J == Z U |zi—z;|<R
lzi—x;|<R

8 A small study in dimension 3
We study the problem in dimension 3 in order to find a possible compatibility relation

and a threshold. We forget all the notations of dimension 2 for this study. Our equations
reads for the i"* individual after change of variables :
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dl’i

a
dv;
dqu = Fz X U;
dl; = MT; — Iy)dt + vV2adB,
fi =V X J,L
1
Ji=— Z vj

where the vectors are of dimension 3 and v is on the sphere v € §. This leads to the
following equation for the probability measure f(¢,z,v,I") :

Ouf +v-Vof +V,- ((va)f) + AV - ((f—F)f) — Q2Arf
with :

I'=vxJ; Jf:/ vf(t,z,v,I")dvdl’
v, I

After the same hydrodynamic scaling, change of variables than in dimension 2 we get :

c(Of +tov-Val) = i = V- (O x0)f) =T Vo) + fo(Ve - () + Arf)

which is

(8.1) e(Of +tov-Vaf) = Q(f)

Q) =B = Vo (0 x0)f) =T Vef) + o Ve (0F) + Arf)

than we can rewrite as :

QUf) = Bro- (D% Vof + Viof x Jy ) + o (Ve () + Arf)
We define :

F2
HJfZ—Jf'U—F’T

and we get :

Q(f) = bPv- (VFHJf X Vyf = Vrfx VUHJf) + o <VF (Tf) + AFf)

For clarity we define a new Bracket :

Definition 8.1. Let A and B be two functions of (v,I'). Then :

{A, B}:,F = VFB X VUA — VFA X VUB
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We also define :

1 T

(8:2) N(T) = W eXP(—T)

With this definition we get (dropping the index of the bracket for sake of clarity) :

Q(f) = pro-{f, H}Y* + B Vr- (NVF </iv)>

In particular, the Gaussian N is in the kernel of the right hand side and every function
of H is in the kernel of the left hand side. We combine the two previous observations to
define the function :

(8.3) /LJ(G,’}/):CGX[)(—HJ):CeXp<—<¥—J"U))

where C' is the normatization constant such that the integral of u is one.
We define for a unit vector €2 € § and x > 0 the Fisher-Von Mises distribution with
concentration parameter x and orientation €2 by :

exp(kw - )

(8.4) Mealw) = Js exp(kv - Q)dv
5

We can write p as a product of M given by and N :

(8.5) 15(0,7) = M (V)N ()

The properties of () are the same than for the two dimensional case. For this reason
we do not write again the proof which works in the same way.

Proposition 8.1. i) The operator Q) satisfies :

(8.6) /UFQ(f)Midevdr = 5 /vF /\il\cf ‘Vp (%) ‘dedl“ <0

ii) If f is an equilibria of Q (i.e the functions f(v,I') > 0 such that Q(f) = 0) then f
1s of the form :

(8.7) f = pps, with p e RF
where p 1s the total mass.

Repeating the calcul from dimension 2, we find that the compatibility relation is :

Jsexp (Jf : v) vdv
fS exp <Jf . v)dv

(8.8) Jp=p

And the threshold found is { = 3.
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9 Conclusion

In this work, we have modified the PTWA model by taking off the normalization of
the force acting on the individuals. This modification led to equilibria implicitly given and
linked to a compatibility equation. This relation showed a threshold for the density of indi-
viduals and suggested to tackle down the problem in two regions. In the disoredered region,
the system converges towards a Gaussian function of curvature and uniform distribution
in angle. The equilibrium is shown to be stable and with an exponential asymptotic rate,
using free energy techniques along with a hypothesis and a LaSalle’s invariance principle.
In the ordered region, the system converges towards a Gaussian function of curvature and
a Fisher Von-Mises distribution in angle. The equilibrium is shown to be stable. In the
last sections, a generalization of the model in greater dimensions is suggested.

In future work, we shall study the asymptotic rate in the ordered region which may be
found using inequalities on the free-energy. We also intend to analyze the well-posedness
of the problem and explore the dynamics in greater dimensions.
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