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Abstract

Christodoulou and Klainerman have shown that Minkowski space was globally stable as a solution
to the Einstein-Vlasov system in the vacuum case. The system couples Einstein’s equations to a kinetic
matter model. In this text, which is an internship report, we follow step by step the approach of the
article written by Hans Lindblad and Martin Taylor [1] and prove the stability based on a harmonic
gauge which recast the Einstein equations as a system of quasilinear wave equations for the metric
coupled to a transport equation for the Vlasov particle distribution function. The length of this report
comes from the fact that it explains and details some concepts briefly introduced in the original article
and complete its proofs when they are not detailed.
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1 Introduction

1.1 The Einstein-Vlasov system

In the spacetime of Galileo and Newton, the simultaneity of two events is a notion independent
of observers. Space and time are absolute objects. The equations are written in the FEuclidian space
R? and lenghts and time can be measured independently with standard methods. Let’s consider the
gravitational potential ® of a mass M which can be approximated by ®(r) = —% where r = |z| in
cartesian coordinates and G is the gravitational constant. The resulting force on a particle of mass m
is FF=-V,®=-G ”ngnr where V, represents the gradient with respect to the coordinates x. In fact,
in a more general case where we consider that there is not just one mass M but a ”gravitational mass
density” of sources named pg, the Poisson equation gives the link between the potential ® and pgy and

reads

AD = —4mp,

where A=3%". |,4 %. This equation gives

@(m):/ p%(y)dyldfdy?’
Rrs |7 — ¥l

and we can deduce the force F' = —V_®. This idea to consider a density of particles appear in kinetic
theory. In fact in kinetic theory, the matter, usually called a plasma is composed of particles whose size is
negligible at the considered scale. Because the number of particles is so great and chaotic it is impossible
to observe their individual motion. It is assumed that the state of the matter in a spacetime is represented
by a one-particle distribution function. This function f(¢,z,v) is interpreted as the density of particles
at a time t, a point x, that have a velocity v in the tangent space. Plasma waves are generated by the
charge separation that arises when ions and electrons are displaced from their equilibrium positions in a
plasma. If we thus consider an electrical field E who derives from a potentiel ® (we would have the same
equations with a gravitational field), we have the following equations

E=-V,9, —AD = 47p, p(t,x) =q f(z,v,t)dv
R3

where ¢ is the charge of a particle. If f is smooth then we know that

t— fx(t),v(t),t)



is constant when (z(t),v(t)) verify the following Hamiltonian system :

Bt =o(t), o) = 7fTZE(Jc(t),t)

The Vlasov equation is then given by

0
ovt

of q _ N9 _ i
E—I-(U-Vm)f—FE(E-VU)f—O where U-Vm—zi:v 5 and E-VU—XZ:E

These equations are called the Vlasov-Poisson system. They are the non-relativistic analogue to the
Vlasov-Einstein system. We will study a bit this system in the section ”The Vlasov-Poisson system” be-
cause some results found by Claude Bardos and Pierre Degond [2] will provide us ideas for our relativistic
system.

In Special Relativity, Einstein discarded the absolute time from Newton’s theory and the Minkowski’s
space was introduced to give a new coordinate to time : R*. The trajectories are thus considered in the
”Spacetime” and the distance between two close events in the spacetime is given by the Minkowski’s
metric :

ds?* = —(dz°)? + (dz")? + (dz?)? + (dz®)?
Guided by Galileo-Newton equivalence principle, his previous theory and the equations of motions of
particles, Einstein, in many articles between 1913 and 1916, decided to replace Minkowski’s space by a
general Lorentzian manifold together with a metric g of signature (—, +, 4+, +) dependent of the energy
content of the manifold which gave birth to General Relativity. In his tremendous work he introduced
the Einstein’s equation

G = SLTTGTW where G is the gravitational constant.

Most of the concepts introduced here will be described in section 2 but it is important to understand
that this equation interprets the gravitational field as a modification of the spacetime metric under the
influence of the matter and the energy. More precisely we have G, = Ric(g),, — %R(g)gw where R is
the trace of the Ricci’s tensor with respect to the metric g. The Ricci tensor which depends on the metric
can be seen as the link of the spacetime’s curvature to the "flat” Euclidian space.

In General Relativity, particles trajectories are geodesics curves which verify the equation

d*z® o dxt dx¥

P

as we will see in the next section. I'’, 5 represent the Christoffel symbols. This leads to the Vlasov equation
X(f) =0 with .
X = pHOpn — p*pPT? 30pi

[

where the Einstein notation has been used. Finally, we have the following system

. 1
(11) Rlc(g);w - iR(g)g,uV = T;w
v/ |det
(1.2) TH (t, ) = / f(t,:mp)p“p”|pogdplddep3
Pt,a)

(1.3) X(f)=0

which is the Vlasov-Einstein system and where the unknown is a 3+1 dimensional manifold M with
Lorentzian metric g together with a particle distribution function f : P — [0, 00), where the mass shell
P is defined by

P ={(t,2,po,p) € TM |(p°, p) future directed , g, p"p” = —m202}

Here we will assume that the particles have a mass m = 1 and the speed of light is normalized to ¢ = 1.
The assumptions imply —m?c? = —1



w-axis

y-axis

The figure above shows the hyperbolic space H? that can be defined as the above sheet of the two sheeted
hyperboloid. It represents all the points (x,y, z,w) € R* such that 22 +y? + 22 —w? = 1 The 2z dimension
has been taken off for the drawing but H? should be interpreted as a volume that gives an idea of the
massshell.

(M,g) is called the spacetime. Here Rig(g) and R(g) denote the Ricci and scalar curvature of g res-
pectively. A coordinate system (¢, ) for M with ¢ a time function defines a coordinate system (¢, z, p°, p)
for the tangent bundle T M where (¢, 2%, p°, p') denotes the point

P20k (t,0) + ' Ouil (t,0) € TM

The Greek indices run over 0,1,2,3, lower case latin indices run over 1,2,3 and the notation t = 20 is

used. We will always use Einstein’s notation in this report. Since the field equations under consideration
are geometric in nature, we need to fix the degrees of gauge freedom before considering the stability
issue from the perspective of the initial value problem. Our analysis relies on a choice of coordinate (z*)
satisfying the homogeneous linear equation in the unknown metric. This means we impose the wave gauge
condition (or harmonic gauge)

(1.4) Ozt =0

where [, denotes the wave operator [, = g*? 005 + g*? re ﬂ(“),,. The harmonic gauge is equivalent
to the metric in the coordinates z* satisfying

« 1 (e}
(1'5) g ﬂaagﬁu = 59 ﬁaugali’

1.2 Global existence and stability theorem

The initial data in the Cauchy problem for the Einstein-Vlasov system consists of a 3-dimensional
manifold ¥ together with a metric g, a symmetric (0,2) tensor k on ¥ and a non-negative scalar function
fo on the tangent bundle T M. The relationship between the initial data (g,k) and g is that there exists
an embedding i : ¥ — M under the pullback of which the induced first and second fundamental form of
g are g and k respectively. For the relation of the distribution functions f and fy we have to note that f
is defined on the mass shell. The initial condition imposed is that the restriction of f to the part of the
mass shell over ¢(X) should be equal to fy. The initial data set must satisfy the constraint equations,

Vzk; - Vj(t’l"k) = TOj R+ (t’f‘]{)2 - kijkij = 2T00

A theorem of Choquet-Bruhat, guarantees that, for any such initial data set as above, there exists a
globally hyperbolic solution (M, g, f) of the system :

Theorem. Let ¥ be a 3-dimensional manifold, § a smooth Riemannian metric on ¥, k a smooth sym-
metric tensor on ¥ and fy a smooth non-negative function of compact support on the tangent bundle.
Suppose that these objects satisfy the constraint equations. Then there exists a smooth spacetime (M,g),



a smooth distribution function f on the mass shell of this spacetime, and a smooth embedding 7 of X
into M, which induces the given initial data on X such that g and f satisfy the Einstein-Vlasov system
and ¢(X) is a Cauchy surface. Moreover, given any other spacetime (M’,g’), distribution function f’ and
embedding i’ satisfying these conditions, there exists a diffeomorphism x from an open neighborhood of
i(X) in M to an open neighborhood of #'(X) M’ which satisfies x 04 = ¢’ and carries g and g to ¢’ and
f’ respectively.

Minkowski space is the trivial solution of the Einstein-Vlasov system with initial data
(1.6) (R3, e,k =0, fo =0)

where e is the euclidian metric. The main result of this work will be to show the existence of a causally
geodesically space-time asymptotically ”converging” to the Minkowski space-time for an arbitrary set
of smooth asymptotically flat initial data. The initial data are assumed to be asymptotically flat in the
sense that ¥ is diffeomorphic to R?® and there exists a global coordinate chart (x!,x2, 23) of X, M > 0
which represents the "Mass” and 0 < v < 1 such that

M
gi; =1+ 7)5”- +o(r~177) kij = o(r—277), asr = |z|] = o0
which comes from the positive mass theorem. We shall write

_ —0 —1 —
9ij = Jij + hij + hij ) where hij (.CE) = X(r)(SUT

H-jl can then be deduced by substraction, x is a smooth cut off function such that 0 < x < 1,x(s) =1
for s > 3/4 and x(s) =0 for s < 1/2. We then define the initial energy,

—1
(1.7) Ev= > (I@+n) 2 HIVVIR L2y + (11 + 7)) 2T | o)),
[I]<N

where V denotes the gradient with respect to the coordinate system (x!, 22, 23). We also define,

Dy = Z ||8§81l,f0\|mc Vi = Z Hafazl)foHLng

k+I<K k+HI<K

By Sobovel inequalities there exists a constant C such that Dg_4 < CVg for any K > 0. Indeed, we
have H® < L™ for s > g where d is the dimension. d = 7 here and the result follows. Dx and Vg will
be used to control the components of the stress-energy tensor (see Theorem 3.2).

The main result of this work is the following :

Theorem 1.1. Let (3,9, k, fo) be an initial data set for the Einstein-Viasov system (1.1)-(1.8), asymp-
totically flat in the above sense, such that fy is compactly supported. For any 0 < v < 1 and N > 11,
there exists €y such that for all € < ey and all initial data satisfying

EN+VN+M <e

there exists a unique future geodesically complete solution of (1.1)-(1.3), attaining the given data, together
with a global system of harmonic coordinates (t,zt, 2% ) relative to which the solution asymptotically
decays to Minkowski space.

The precise sense in which the spacetime of Theorem 1.1 asymptotically decay to Minkowski space
will be described later. To understand this system, this theorem and the proof behind it we will first give
rudiments of general relativity. The last part is the core of this report and will be dedicated to the proof
of the global stability of the Minkowski space in the harmonic gauge.
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2 Lorentzian geometry

This section is an introduction to the mathematical concept behind general relativity.

2.1 Spacetime

In the spacetime of Galileo and Newton, the simultaneity of two events is a notion independent of
observers. Space and time are absolute objects. The relativity merged space and time and used four
numbers to describe an event, the time and three space coordinates.

2.1.1 Manifolds

The arena of differential geometry is a differentialble manifold. A manifold is something which is
locally the same than R™ (in this case n = 4). More precisely a 4 dimension manifold is a topologic space
so that on every point we can define a neighborhood homeomorphic to an open set of R*. A chart on a
set £ is a pair (U, ¢) with U a subset of £ called the domain of the chart, and ¢ a bijection from U onto
an open set ¢(U) of R*. We call coordinate system (or map) the numbers (2%, 2%, 22, 23) that appear in

p:UC&—oU)CR?
P (20,2, 22, 23)

An atlas on £ is a collection of charts (U;, ¢;), 1 < i < N such that
N
We say that £ is a differentiable manifold (resp. C? manifold) if and only if for every non empty
intersection between two maps U; and U; the application
giog; ' ¢;(UiNU;) € R* — ¢;(U; NU;) € R*
is differentiable (resp. C?).

2.1.2 Vector on a manifold

A tangent vector v to a differentiable manifold £ at a point P € £ is a geometric object. It can
be defined through local coordinates as an equivalence class of triplets (Ur, ¢1,vy,), where (Ur, ¢1) are
charts containing x, while vy, = (%1)7 k=0,...,3 are vectors in R*. The equivalence relation is given by

J 83101

7
Vo, = Vg, 3J

where 2% and x?] are respectively local coordinates in the charts (Ur, ¢r) and (U, ¢y).

To understand this concept let’s take a differentiable scalar field f defined on the plane f : R? = R
and let C be a curve in R? parameterized with respect to A (z = X()\),y = Y(\)). We have the following
formula :

(9f of ¢

dfle = 5 XdX+ —Yd>\



Thus

df 9f . Of.
d)\c_axX+3yY

=7 -Vf

0

If we have the coordinate system (2, x!, 22, 2%) in £ we define then

s(p) = 3 OF dXe _ of dxe
T 2 e TanT T e da

where we used the Einstein’s notation for the sums. We shall use this notation from now on. We write
then

7(f) = XTa(f)
and therefore
7= X3,

Definition 2.1. From this equation we deduce that the tangent vectors at a point P which are all
the tangent vectors at every curves that go through P form a vector space, the tangent space to £ of
dimension 4 which is denoted Tp(E).

Definition 2.2. The set of pairs (P,vp), P € £, vp € Tp(E) denoted T'(€) is called the tangent bundle
to &
2.1.3 Multilinear forms and Tensors

The linear forms on Tp(€) build a 4 dimension vector space Tp(E)*. We call tensor k times contrava-
riant and [ times covariant (type (k,l)) at the point P the mapping :

T:Tp(E) x - xTp(E)" xTp(E) x -+ xTp(f) = R

k l

(wl, ...,wk,{fl, ...,17[) — T(wl, ...,wk,f;’l, ,171)

which is linear with respect to all his components.

For instance a linear form is a (0,1) tensor, a bilinear form is a (0,2) tensor. Since Tp(E)** = Tp(€) a
vector can be considered as a (1,0) tensor. Tensor fields are assignments of a tensor at P to each point
P of the manifold £. For convention purposes a scalar field is a tensor field (0,0).

2.2 Metric tensor

A pseudo-Riemannian metric on a manifold £ is a symmetric covariant 2-tensor field g such that the
quadratic form it defines given in local charts by g;; X ‘X7 | is non-degenerate ; that is, the determinant
does not vanish in any chart. A pseudo-Riemannian metric g on £ defines at each point of the manifold
a scalar product, that is, a bilinear non-degenerate function on the tangent space Tp (&) :

g(4, ) := gi; (P)u'r?, u,v € Tp(E)

A metric is called Riemannian if the quadratic form defined by ¢ is positive-definite.
A pseudo-Riemannian metric g is called a Lorentzian metric if the signature of the quadratic form
defined by g is (-,#,+,+) which means that there exist a basis of Tp (&) such that :

0U0+U1’Ul +’UJ2’U2+U3U‘3

—

g(uvﬁ) =—u

The bilinear form g is called the metric tensor on £ or just metric. Moreover (£, g) is called spacetime.

Since g is a bilinear symetric form, (g,4) is a symetric matrix. Moreover, since g non-degenerate, the
matrix is inversible and we note ¢®? the inverse matrix.

g‘mgoﬁ = 6g
Two vectors on the tangent space are said to be orthogonal if their scalar product with the metric g
vanishes.

Let (€p, €1, €, €3) be an orthonormal basis of Tp(E€) for the scalar product with respect to the metric
g, which means :



-1

S
S
Il

D
™
Il

1
I

ey =1 for 1<i<3
i-€5=0 for i#j

[
N
[

In this basis we have gog = g(€q, €3) = a3 Where

10 0 0
o 10 0
=10 010

0 00 1

is called Minkowski’s matrix.

In the euclidian space of dimension 3 the signature of the scalar product is (+, +, +) which provides
the definite positive property. In the 4 dimensional case with a (—, +, 4, +) signature the metric can lose
this property. At each point P of a Lorentzian manifold £, one defines in the tangent space Tp(€) a
double cone Cp called the causal cone by the inequality

gp (U, ) <0, i€ Tp(€)
The boundary of C'p in the tangent space is the double cone I'p, called the null cone or light cone,
gp(t, 1) =0
A vector @ € Tp(E) is called causal if
gp (ﬁ7 ﬂ) S 0
The vector is called :
— Timelike if gp(d, @) < 0
— Spacelike if gp (@, @) > 0
— Null if gp(@, @) =0
Moreover, we can split the causal cone in two convex cones : the futur light cone and the past light

cone. Vectors in the futur light cone will be called futur oriented vectors and vectors in the light cone
past oriented vectors.

Timelike vector
future oriented

Futur light cone

Spacetime vector

Present hypersurface

Past light cone




2.3 Lenght and geodesics

Consider two points P and P’ really close to each other on a manifold £ we can associate to them a
vector dP on the tangent space Tp(€) and define the square of their distance by

ds® = g(dP,dP)
If we give a coordinate system (z®) in the neighborhood of P then we have
ds® = gagdxo‘d:rﬂ

Postulates of the general relativity precise that the curves of the photons are null which means that
every tangent vectors at every point of the curve associated to the photon are null. For a particle, in the
spacetime, we postulate that the curves are timelike. Thus it is impossible for a particle to traval faster
than the light.

Consider two points P and P’ on infinitely close to each other with P’ in the future of P. We can associate
to them a vector dP and since dP is considered timelike as we previously said, we then define :

1 —
dr := —\/—g(dP,dP)
c

which is called the proper time of the curve. (Note the presence of the minus sign since dP is timelike)
A geodesic is a curve that maximize or minimize the distance, a geodesic is :
— Spacelike if it minimizes the distance among every spacelike curves between two points

— Timelike if it maximizes the distance among every timelike curves between two points
— Null if it is a null curve that satisfy an equation we will give below

To determine the evolution of a particle in a relativistic gravitational field we are looking for the
geodesic curve between two events A and B. Consider a parameterization of the curve of the particle with

respect to A we can write
1
dr == —+/—g(7,v)dA
c

If we note (z%) a coordinate system of £ in the neighborhood of the curve and z® = X*(\). We have

1 [e —
T(A,B) = E/)\ \/ —GapX*XPBdX
A

where X = %. If we call L := \/—ga/gXaXfB the lagrangian that appears in the integral we have
according to the Euler-Lagrange equations :

i( oL ) oL
dA\pX« oxe
This equations reads explicitly
.. Lo 1dL .
X418 XPXY = ——X°
T Ldx

where we have used the symmetry in g, along with the definition of the Chrisfoffel symbols :

1
Rﬁu = 590“7(8#901/ + augau - 8agmx)

If we use 7 instead of A we have
2Xxe Lo dX* dXY _
dr2 meodr  dr

We can always found a parameter that satisfy the geodesic equation :

Xo+T9,XIXY =0.



2.4 Einstein equation

In this subsection we give the Einstein’s equation that we shall use but we do not describe where do
these equations come from.
The Ricci tensor is :

or” ore
. _ apB op 1788 a12 v e
R'Lcaﬁ = axﬂ - 8$6 + FOtﬁFILV - FO‘/LFVB

The scalar curvature (also called Ricci’s scallar) is :
R=g""Rqp

And we denote G the Einstein’s tensor with the formula :

1
G = Ric(g) — iRg

The Einstein’s equation give the link between the Einstein’s tensor and the stress energy tensor T
with

GJrAg:SZTGT

where A is called the cosmological constant and G is the Newton’s constant. Sometimes, A is taken equal
to zero.

3 Introduction to the proof

We have now introduced different tools that will allow us to understand the proof of the stability of
Minkowski space. In this section we will first recall the system and explain the Vlasov equation. Then we
will present the reduced Einstein-Vlasov sytem and theorems that we need to prove Theorem 1.1. Their
proof will be shown in other sections. Finally we give a parametrisation of the mass shell that will be
used across the entire report.

3.1 The Vlasov equation

We consider a collision-less gas only interacting by gravity. Recall that this system takes the form

. 1
(3.1) Ric(g)uw — iR(g)g#V =dpv
v/ |det
(3.2) T (t,x) = / f(t,x7p)p“p”¥dpldp2dp3
Pe,a) p
(3.3) X(f) =0
where

X = p"Opn — p“pBFgﬁapi

Recall that the distribution function f, which represents the density of particles is a non-negative
real-valued function on P and that in general relativity a free particle travels along a geodesic. If we
consider a future-directed timelike geodesic parametrized by proper time then its tangent vector at any
time is future-pointing unit timelike. Thus this geodesic has a natural lift to a curve on P, by taking its
position and tangent vector together. The condition that f represents the distribution of a collection of
colisionless particles interacting only by gravity and moving freely in the given spacetime is that it should
be constant along the flow on P. This equation is the Vlasov equation. It follows in local coordinates

(z,p) :

dx® dp™ b
a I m (&
ds

=D ds bcP P
Along a geodesic, the distribution function is invariant so

& fa (). 97(5)) = 0

From the chain rule we get ‘
P Ouu f — p*p Tl f =0

which is the Vlasov equation.

10



3.2 The reduced Einstein-Vlasov system
Under the harmonic gauge, it has been shown that the Einstein-Vlasov system takes the form :
(3.4) ﬁgg,“, = F,.,(9)(9g,09) + ﬁ”, where ﬁg = 9°P9,05

and f,“, =Ty — %gwtrgﬂ trgT = ¢g¥T;;  and F,(u)(v,v) depends quadratically on v. We
note that the reduced system (3.2), (3.3) and (3.4) is a system of qualinear wave equations with a
transport equation. To understand some difficulties of the system we need to recall that a typical system
of quasilinear equations allows solutions with smooth arbitrarily small initial data that blow up in finite
time. A condition to the global existence for such equations was found by Klainerman called the null
condition. Nevertheless, Einstein’s equations in the vacuum do not satisfy the null condition.

To give a better understanding of this system we shall prove the reduction of this system (see [7]
lemma 3.1) in the vacuum case (i.e T = 0 and then R,, = 0 where R is the Ricci tensor).

Proposition 3.1. If g is a metric satisfying Finstein vacuum equations together with the wave coordinate
condition then g,, solves the reduced Einstein equation

Proof. First recall that the harmonic gauge is equivalent to the metric in the coordinates x* satisfying

1
(35) gaﬂaagﬂu = Egaﬁa,ugaﬁ
which is straightforward. g%/ is defined as the inverse of the metric tensor i.e :

(3.6) go‘igiﬁ =03

(3.7) =0T}, — 0,5 + T)sI%, —T, I

,ul/& - [2Za7r)

is the Riemann curvature tensor, and R,, = Rﬁyé is the Ricci tensor. The Christoffel symbols are defined
as

1 o
(38) Fzy = 59)\ (3#9@ + at/gou - aaguu)

We note Rog, = g/g,\FéM and notice that
Rapp + Rapp = 0agpu Targ =Tsra
It follows that
(3.9) gorR,5 = 08T waw — Ol uas + Turalng — Tarslh,

and the harmonic gauge allows us to show that :

1

7augaﬁ)

1 ’ ’
781/90(,8) = gaa gﬁﬂ augo/,@' (aag/a’u - 9

1
(3'1()) gaﬂ(auaagﬂu - iaual/gaﬁ) = - ugaﬁ(aagﬁu - 2

Hence we can write
(3.11)
aB 1 a8 L oo’ pp
g (804]-—‘#[31/ - aur,uﬁa) = _59 8(18[39;“/ + ég g (a,ugo/ﬁ’aagﬁu + auga/ﬁ’aagﬁ/_t - augoz’ﬁ’augaﬁ)

and with (3.5) one can show that

’ ’ 1 ’ ’ ’ ! 1
(312) gaa 9,66 auga’ﬁ’aagﬁu = Zgaa gﬂﬁ auga’aaugﬁﬁ’ + gaa gﬁﬂ (i(aﬁ’ga’a&/gﬁu - auga’aaﬁ’gﬁu)+

(auga’ﬁ’aagﬁu - aaga’ﬁ’ - augﬁu))

Thus
(3.13)
1 ’ ! ’ 1 1
§go¢o¢ gﬁﬁ (aﬂga’ﬂ’aocgﬂu + auga’ﬁ’aagﬂu - al/ga’ﬂ’augaﬁ) = gaa gﬁﬂ (4auga’aaugﬁﬁ’ - iauga’ﬁ’augaﬁ)
1
+ 59(10 ﬂﬁ ( uga’B’aagﬂu - &cha’ﬁ’apgﬁu) + (8Vga’ﬁ’8agﬂu - aaga'ﬂ’aﬁ’gﬁu))

(
1 o
+ 19 Bﬁ ((8,8’904 aaugﬂu - 8uga’aaﬂ’gﬁu) + (aﬁ’ga’aaugﬂu - 8Vga'a65’gﬁu))
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One can also show that using (3.5)

(e} &Ot’ ! 1 1 1
(3.14) Tyaply? = g** g% (3909080905 = 0u985 Ovgaa’ + 50a95u0a g'v)

]_ ’ ’
- §gaa 965 (aagﬂuaﬁ’ga/y - 6,6’/gﬁu - aaga’l/)

Taking the trace of (3.9) and using (3.11), (3.5), (3.13), (3.14) :

1, ey 1 1
(3.15) R, = _59 ﬂaaaﬁgw +9g gﬁﬁ (_Zavgaﬁauga’ﬁ’ + gaugﬂﬂ’avgfw’)

+ %ga“/gﬁ ¥ 00980 g1 — %g““/gﬁ 7 (0a98u0 Garv — 05 9pu — OaGarv)
+ %g‘mlgﬁ (0o 5 0agsy — Oagorsr — Ougpv) + (Ovgors Oagpu — Oaorp — Ovgan))
+ igaalgwl((aﬁ’ga’aaugﬂu — Ougora — Oprgpv) + (08 9oraOu9pp — Ovgara — Oprgpu))
Finally,
(3.16) Ry =0

gives the result

) ) )

Let m = diag(—1,1,1,1) denote the minkowski metric in Cartesian coordinates and write

M
(3.17) g=m+h®+h! where h?w(t, x) = X(%)x(r)—éw
r

where g is a solution of the reduced Einstein system.
We also define, for 0 <y <1 and 0 < gt < 1 — v, the energy at time t,

(3.18) En(t)= Y [[w'/?0Z'h!(t,)|7.,  where  w(t,x)=

[I|<N

(L4 |r—t)*2 r>t
L+ +|r—th)=2+ r<t

where I is a multi index and Z! denotes a combination of |I| of the following vector fields :

Qij = xi@,j — .’Ejaxz‘ B; = xiat -+ tazl S = tat + xkaxk aa

The vector fields lie in the tangent bundle. To any vector field, we can associate a lift which is a
vector field lying on the tangent bundle to the tangent undle of the manifold. We will recall the general
construction later.

|.| denotes :

— fo[ = ((@")? + (@?) + (a%)*)/?
| = Capollhas(t,2))
— [0t 2)] = Capy—o(IT2s(t2)])
We will note ||h(t,.)||r2 = Ziﬁzo(Hhag(t, Jllzz) and A < B means that there exists a constant C' such
that A < CB.
The main result of this work will be te prove the following theormem (3.1), and theorem (1.1) will be
a corollary of this theorem.

Theorem 3.1. For any 0 <y <1 and N > 11, there exists ey such that, for any data (g.v, Otguv, f)|t=0
for the reduced Einstein-Viasov system which satisfy the smallness condition

En(0)'? +Vy+ M <e

for any € < €y and the wave coordinate condition and such that f|;—q is complactly supported, there exists
a global solution attaining the data such that

(3.19) (Ex(t)? + Y A+ )2 T (¢, )| 12 < COne(l +t)°r¢
[T|<N

12



for all t > 0 along with the decay estimates

Che(l+ 1)
(IT+t+r)(1+qp)

r—t, r>t

3.20 ZIhl(t, z)| <
(3200 |2'h'( o) < 0. et

y |I|§N_3a q+:{

along with the decay estimates (9.4), (9.5), (9.26), (9.38), (9.39) and (9.47).
Given (%,7, k, fo) and initial data :

Gijli=0 =355 goolt=o = —a®  goili=o =0  a(x) = (1— x(r)M/r)

and
0vaiil o= —9ak: O — 933Gk Ovani |0 = a2T* 97T, — ﬁﬁ'kaf — ad;
tgzj|t:0 = ak;j 1 gooli=0 = 2a°g ij t903|t:0 =a g 0j19ik 9 g 0tgj — aoia

one can show that (En(0)'/2) < &y and thus theorem (1.1) is a corollary of theorem 3.1 and the data
satisfy the harmonic gauge.

It is important to note that the energy was defined in terms of A! and not in terms of h = h° + h!.
The data given then by hy,li—o = 26, + o(r=1=7) and Ok li—o = o(r~277) would have appeared
to be small but it does not have a sufficient decay rate in r at infinity due to the presence of the term
with positive mass M. The decay of the solution at the time-like infinity would have been affected by
the slow fall-off at the space-like infinity. Moreover, if the energy had been defined with h instead of h'
we would have had an infinite energy En(0). We can see that we need fy to have a compact support.
Indeed throughout the proof we notice that the slowest decay for the wave equation occur in the zone
t ~ r whilst in the Vlasov equation they occur in the zone r < t, hence the assumptions on fj.

3.3 Configuration of the problem

In this subsection, we introduce notations that will be used across all the report. The mass shell P
will be now parameterize by (¢, x, p) where

Let 3; denote the level hypersurfaces of the time coordinate ¢, then the solutions of the geodesic equations
can be written as

dx L . A
(3.21) K(s,t,m,ﬁ) = P*(s,t,z,p) g(s,t,x,[)) =T"(s, X(s,t,2,p), P(s,t,z,p))

normalised so that (s, X(s,t,z,p)) € X5 with,
Xi(t,t,x,p) =a' Pt t,x,p) =P’
and where
D4(t,2,p) = T04(t, 2)p*p’p" — Thy(t, 2)p"p”

Let functions Aﬁﬁ*“ be defined, so that,

F(t,l‘) : A(ﬁ)# = F(t,l‘,f))#

where
L(t, ) - Ap)* := T74(t, 2)ASPH (p)

s)
)

We also define X (s,t,2,p)° = s and P(s,t,2,5)° = 1 and we will often use the notations X (s)
for X (s,t,x,p) and P(s t, 2, p) when the context is clear. Finally we will use the notation X (s) =
The Vlasov equation can be rewritten as,

(3.22) ft,z,p) = f(S,X(S,t,:IJ7ﬁ),P(&t,x,ﬁ)) = fO(X(O,t,x,ﬁ)7]5(0715,:5,]3))

an P(
(s, X(s

for all s. The notation (y, q) will be used to denote points in the mass shell over the initial hypersurface,
Pli=o. Under a relatively mild smallness assumptions on h = g — m we will see that there exists ¢ < 1
such that solutions of the Vlasov equation satisfy

(3.23) supp f C {(t,z,p);|z| < K +et,|p| < K' + 1,|p| < ¢}

In order to prove theorem (3.1), the following theorem will be proved in the following sections :

13



Theorem 3.2. For a givent > 0 and N > 1, suppose that g is a Lorentzian metric such that the
Christoffel symbols of g with respect to a global coordmate system (t,x', 22, 23), for some 1/2 < a < 1,
satisfy

/
Chye

(3.24) |12'D(,2)] < At r)ite

N
for|z| < ct' + K, || < L5J+2

for allt’ € [0,t]. Then there exists eg > 0 such that, for € < eg and any solution f of the Vlasov equation
satisfying (3.23), and metric satisfying (3.24) and |g — m| < €, the components of the energy momentum
tensor THY (t, x) satisfy

J
Irppv , ||(Z F)(tv)HLZ H )”L2
)0 e < Dvie+ Dubw (3 S H 1/2+a TR el ),
[J1<]1]-1 \J\<\I\+1
or [I| <N —1, where k = |I| and k' = || + 1, and
for | 2
Dy Vi [(Z7T)(t, )l / [((Z7T)(s, )l
zZITr (¢, . < DD (Y R d
It e =< (L gy R <|J|<|1—1 (1+1¢)t+e +|J\<m 1+ 1 1+S 1/2 s),

for |I| < N. Here the constants Dy, depend only on Cy,K,K' and c, and ey depends only on c.

The proof of theorem 3.1 is a direct consequence of theorem 3.2 and propositions that will be shown in
this report. One gives T, the supremum of all times T3 such that a solution of the reduced Einstein-Vlasov
system attaining the given data exists for all ¢ € [0, T3] and satisfies the bounds :

(3.25) En(t)/? < One(1 +1)°, > N1Z'T( )l < Ce
[I|<N-1

for all ¢ € [0,T}], where § > 0 and Cy is a fixed large constant. The set of such T} is non empty by
the local existence theorem of Choquet-Bruhat. The main objective is thus to use the Einstein equations
to prove that the bounds in fact hold with better constants, provided the initial data are sufficiently small.

A really important ingredient for this proof will be the energy inequality with weights :

t
(3.26) |8¢|2wd:p+/ / |5¢|2w’dxd7§8/ |a¢|2wda:+/ / |0\ wdxdr
3¢ 0 JX,

+16/0 (/E |Eg¢>\2wdx) /2(/& |a¢\2wdx)1/2dT

where 0 denotes the derivatives tangential to the outgoing Minkowski light cones that will be described
in the subsection ” The null frame”. We can see that the theorem 3.2 will be mostly use in this inequality
after commuting the system.

4 The support of the matter and approximations to the geode-
sics

In this section, we will show some properties about the support of the distribution function f (3.23)
and introduce curves which approximate the geodesics.

4.1 The importance of geodesic approximation

For quasilinear system of wave equations, controlling the non-linearities requires estimates obtained
after commutation of the equations with well chosen vector fields, so as to control a high number of
derivatives of the solutions. One then combines these higher order estimates with weighted Sobolev
inequalities to prove decay estimates for the non-linear terms. This implies that we must estimate Z/T(f)
where Z! has been defined in section 3.2 and in Minkowski’s space :

v/ |det
T f =/ f(t,x,p)p“p”lpo g‘dpldPde?’
RB
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For the vector field previously introduced Z = Z%0,_ we have ZT(f) = T(Z(f)) in Minkowski’s space.
But in general, if Z is defined on a Lorentzian manifold, Z(f) does not really make sense since f is defined
on a different manifold. Thus we need to lift Z to Z on P. There are many ways to build the lift of a
vector field on P based on the geodesics. Instead of the true geodesics we will use the approximations to
the true geodesics. The lift’s construction will be shown in other sections but it is important to note that
the approximations of the geodesics will be used to avoid a regularity issue that would have appeared in
theorem 3.1. We will precise the issue in the next subsections.

Before showing the proof of the support of the matter we define the approximations of the geodesics.
Integrating the system (3.21) between s and ¢ it is straightforward to show that the geodesics take the
form

X(s,t,2,p)" = a* — (t — 5)p* —/ (s' — $)P* (s, X(5'), P(s'))ds’

Using the fact that

ok ok

P(s,t,x,ﬁ)kwﬁkNT, X(s,t,x,ﬁ)ka—(t—s)ﬁkfvs?

we define the approximation of the geodeics :

t
X2(57t7x7ﬁ)k = Ik - (t - S)ﬁk - / (S/ - S)fk(slv 5/%

S

4.2 The support of the matter

In theorem 3.1, we assume that fy is compactly supported. Under a relatively mild assumption on
the metric g we will show (3.23).

Proposition 4.1. Suppose that |y| < K and |q| < K’ in the support of fo(y,q), for some K,K' > 1, and
that for some fived a, § > 0

/!

c
4.1 — </c d I <
“.1) lg=ml<cand TS G e
where ¢ = m and ¢’ = min(c'**0 Ja, (1 +2K/c')72/8) /4. Then with c=1-c¢’ we have

(4.2) |P(s,0,y,q)] < K'+1, |P(s,0,y,4)| < c[P°(s,0,y,4), |X(5,0,9,9)| < s+ K, $>0

Proof. Let p = P(s,0,y,q). Recall that g,gp®p® = —1. It follows that

11+ |p> = [P°1?] = 1 + mapp®p”|
= |1+ (Mas — 9ap)P"P’ + gasp™p” |
~——
=—1
= |(Mags — gap)p"P"|
< |g—m|(|p°> + [p|*)

and hence
1 Ip|? ) Ip|? |p|? ) ) 1
Ipop T~ H = op) = et me) < 1 e =il
Ip|? < 1+ 1

|p°|2 = 1-¢ - (1 _ c’)|p0|2
1+¢  16(1+4K"?)

=1-¢ 15+ K?2)K?

1+¢ 1
—1—¢ 144K’
1

1+4d - ——
sitde - ge

<
S (1_01)2 :C2
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Thus we have p x.p
—(s—|X])=1 :
(s —1X])

Integrating between 0 and s we get

O
X0 =€

(4.3) s—|X|>(1-¢s—K

2

Recall that |F‘ S (1+t)1*5(i+|t—r\)”+5 .

For s > 25 along a characteristic we get :

c!

o o’ (1 T s)a+5
L+ 9 o(1+ s —KI)* = (1+s)77 (1+]ds — K])*T
Writing
/_
1+s :l(+K+c 1)<z
1+|ds—K| ¢ 1+ K -
we get
|1—w‘ S 2C/Ic/7a765717a
And for s < 25 , along a characteristic we have :
261/
< —
Tl < (1+s)1-9
Recall the system
dxi o R Pi e A X
K(svtaxJ)) =P (Satvxvp) E(S,tamap) =r (s,X(s,t,m,p),P(s,t,x,p))
where
D (t, @, p) = T04(t, 2)pp p — T4 4 (¢, 2)pp°
We have
d P.T
£(1+|P|):W and since p < 1 :
d d
(4.4) A HIP) <[P +[P))  and  —-|P—q| <[T|(1+]P])

Integrating |T'| from 0 to ¢ using the previous inequalities depending on the value of s we obtain :

t 2 20! 00 5 1 1
1—\ < /" —a— —1l—a < -
/0 | |ds_/0 (1+5)16ds+/25{2cc s ds_4
Then, first equation of (4.3) allows us to show that
1 P 3 1 3
1—:_||| <el/t<Z and combined with second equation |P—q| < Z(l + 5) <1
q

It follows |P(s,0,y,q)| < K’ + 1 in the support of f.
The previous inequality, the inequality on % and (4.3) show that (4.2) holds.
O

The proof for the approximation of the geodesic will also require some bounds on |§ — p| and |P(s) —

@| for (¢, z,p) in supp(f). It is important to note that the assumptions made of I" and the proposition
4.1 imply that

\Z1T| < < for |I| <N” here e, = SR
—_— r < , wher Cnn = —————
T (LA t)lte N (1 = c)ato

Proposition 4.2. If [I'(t,z)| < (HS% for |z| < et + K then, for (t,z,p) € supp(f) with t > 1, we

have .
£ pl < (K441
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Proof. We can represent every point (¢,z,p) € supp(f) by a point (y, ¢q) € supp(fo) by writing (¢, z,p) =

(t, X(t,0,9,q9), P(t,0,y,q)). Hence for (0,y,q) € supp(f) :

/11
C

(X(Saoayaq) - sp(s,07y7q))| = |Sf(87X(8707y7q)7p(svovyaq)” S m

14

ds
for all s > 0. We know that there exists C such that |y| + |¢| < C and by integrating between 0 and s :
(4.5) X (5,0,,9) — sP(s,0,y,9)] < K + " (145)"*

and the proof follows dividing by s, setting s =t and using ¢t > 1

4.3 Approximations to geodesics

In subsection 4.1 we have introduce the approximations to the geodesics. In this subsection we show
that these curves are a good approximation in a sense we describe below. Recall that

t
X%(s’tvxaﬁ) = mi - (t - s)}sl - / (S/ - S)]-—w(slv Sl%a %)ds/
define the approximation of the geodesic X(s,t,x,p) for (t,z,p) € supp(f) and ty < s < t. We also
define
~ . v, T T
Bis.tenp) =5+ [ T T Dy
fori=1,2,3.
Finally we define
y(‘& ta m?ﬁ)l = X(Su t7 maﬁ)i - X2(87 t7 xaﬁ)i
P(S7 t7 xaﬁy = p(S, t) x?ﬁ)z - p?(sa ta xaﬁ)z
and note that X (¢,t,z,p)" = P(t,t,z,p)" = 0. We also have the geodesic equations
X'

(4.6) K(s,t,x,ﬁ) = Pi(s,t,x,f))

(4.7) %(s,t,m,ﬁ) = D'(s, X(s.t,2.5), P(s, t,2,9)) = ['(s,57, 7)

Proposition 4.3. Suppose t > tq is such that (t,z,p) € supp(f) and |T(t,z)| + t|OT(t,x)| < et=179.
Then

(4.8) s207 X (s,t, 2, p)°| + 527 P(s, t,2,p)| e,

forallty < s <t andi=1,2,3.

Proof. As in the previous proposition we first notice that

dPi(s) €

4. — <
( 9) | dS |N 81+a

for tg < s <t. Then we decompose

X (s)t xt
e B |

We then bound the first term with Proposition 4.2, the second term with the integration of (4.9)
between 0 and s and the third term with (4.5). It follows that

=P+ 10— P(s)'| + | P(s)" —

X(s)t

(4.10) =

Recall that L
dP' ~ i oA ~ i T T
K(S,t,ﬂﬁp) =T (SvX(57taxap)7P(Sat7x7p)) =T (5757 7)
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where R
[ (t, @, p) = Tog(t, w)p*p " — Th 4 (t, 2)p*p”

We want to have a bound on 42 that we will integrate once to get a bound on P and integrate another
time to have a bound on X.
Since for (t,,p) € supp(f) , § <1 and p <1 we have for tg < s <t

|f‘i(8,X(5,t,x,ﬁ),P(s,t,x,ﬁ)) - fl(s x) ~ |FH ( %) - Fgﬁ(S’X(S))HP(S)l - 7|

x
tt
From the assumption made in the proposition and (4.10) it follows

€

T
|Faﬂ(35) Pop(s: X () S 10055(s, Mlz=lsT = X ()| S 5

We also have,

Arayi _ L Dl _ A o
[P(s)" = I < 1P(s) ="+ [P° = | 5

1
wa
For tg < s < t it follows

Ai o~ R A T x €
|F (S,X(s,t,x,p),P(S,t,x,p)) =1 (S 5; ;)| 5 m

Recall that X (t,t,2,p)' = P(t,t,z,p)' =0
Integrating between t and s a first time and then from t and s a second time we have since a > 1/2 :

<< [ X(s,ta,p)] < -

(411) |?(S,t,$,ﬁ)i| ~ g2a | ~ g2a—1

O

Corollary 4.1. Suppose t > t; is such that (¢,z,p) € supp(f) and |['(¢,z)| + |00 (¢, z)| < e¢~17@ Then
for tg < s <t and i=1,2,3, 4
| Xa(s,t,2,D)'| < s

Proof. The proof is an application of (4.2) and the previous proposition. O

5 Vector fields and lifts
In this section we build the lift of the vector fields :
Qij = xiawj — xja$7 Bz = xi&g + taw@ S = t(?t + Z'kamk Ba

To understand the purpose of this section we need to recall the theorem 3.2 which gives inequalities of
the form

J J
— (% @Dt u (27T (s, )l
||(Z T )(ta)HLl SDka+DkIDk( (1+t)a71/2 1+S 1/2+a dS),
[71<[T]-1 \J\<\I\+1
DV 1(ZT) (8, e 1(Z7T)(s, 2
Irppv , ’
1) e < DD (3 St 2 3/2/ 1+51/2 ds).

[JI<[1]-1 IJ\<\I\

Thus we need L' and L? estimates on Z/T*". To have these estimates we need to build a lift of the
vector field as it was discussed in subsection 4.1. In this section we provide a way of building these lifts
eventhough slightly modified lifts will be used in theorem 3.2. We use the approximations of the geodesics
to avoid a regularity issue that would have appeared in theorem 3.1.
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5.1 Building the lift of a vector field

To any vector field on a manifold, we can associate a lift, which is a vector field lying on the tangent
bundle to the tangent bundle of the manifold.
In order to give a brief overview, we assume that there is a flow ®¢ so that :

ad!
= = 7@
= ()

The mapping ®! can be naturally lifted into a mapping of the tangent bundle by the formula
P! = (3, d2)
This immediately defines a vector field Z on the tangent bundle by the formula

dot
dt

=Z(2.)

The notion of the lift could also be understand using the Lie transport along curves but we do not
give the details of this definition. Before beginning the construction of the lift, we first define the first
xT

approximations of the geodesics : Xi(s,t,2,p) = s¥ and P (s,t,x,p) = 7 and we have :

dx I . dP. R - - R
(51) T;(Svtaxvp):PZ(Sataxvp) T;(svtuxap):_F(Xl)A(Pl) Xg(t):fﬂ, PZ(t):p

We define F(Py) = I(X;) - A(P)).

x* zP .

IF(B)) = F(Py)| = 1% "= (Pf — Py

For some mild assumption on g and hence on I" we have F' Lipschitz continuous and thus we get unicity
for the solutions of our system.
Thus for fixed 7, every points (¢, z,p) € P with ¢ > 7 can be described uniquely by the pair of points

{(t,z),(1,y)} where
y= XQ(Tvtvxvﬁ)

is the point where the approximate geodesic X5 emanating from (¢, ) with velocity p intersects the hy-
persurface ;.

Hence we can parameterised every (¢, z,p) € P as (t,z,px, (t,x,7,y)). It is important to note that it
is well defined since we have the unicity of geodesics that define y and px, can be explicitly determined
as we show on the next page.

For a given vector field Z on M, let ®Z : M — M denote the family of diffeomorphisms, with
®Z = Id and so that
dd?
T)\A = Zloz(1,2)

The action of ®Z on (¢,z) and (7,y) induces an action on P at time t, given by
O = (@F (1, 2), hx, (04 (1, ), ¥4 (7,9))
For fixed t, we thus define Z by

_ Ao X2 (t, 2, p)
I e—

A=0,7=to

We have the following identities

XQ((I)f(t07y)07 @)Z\:fz (t,x,ﬁ))i = q)f(t(% y)l

Py(0% (o, y)°, @72 (1, 2,p)) = P, (DX (t, ), @€ (to, 1))’

Taking the derivative with respect to A at A = 0 we get :

(5.2) Zlt.2p)(Xa(to, . 2,0)") = Z7| (10 Xa(t0)) — Z°) (0,5 (o)) Po(to, t, 2, D)
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D A\ dp NV
(53) Z (t7x,ﬁ)(P2(t0,t,(E,p) ) = — - ZO|(t0,X2(t0))T:(t0»tvxvp)

d\ Ix=0

where
PN = px, (®5 (L, ), D% (t0,v))

Remark 5.1. In order to see the utility of these equalities let’s consider the function :
T'(t.0) = [ 1(t..)dp
Bounds on ZT" will follow from bounds on Z f. According to the Vlasov equation we have

(54) Zf(t,l’,ﬁ) = 7(X(t07tvxaf))i)(azif)(toaX(tO)vp(tO)) +Z(P(tovtaxaﬁ)i)(aﬁif)(t(bX(tO)v p(to))

Hence we need bounds on [Z(X (to,t,z,p)")| and [Z(P(to,t,z,p)")|.

We have
_ d d
(55) Zf(t,l‘,ﬁ) = af((pf(t’x)aﬁ)(z ((I)g(ta 17), ‘I)f(tmy)))’)\:() = Zaaﬂco‘f(t’xvﬁ) + af(t’ 13,13(/\)) 0
Define

ts—to T

. €T .
to,t,x)" = r —)-A(=)d
Olto,t,2)' = [ =05 57) A

which is the integral part in our geodesic equation for Xs.
From the equation y = Xs(to,t, z,px,) we have a definition of px,

Yy=x— (t - tO)ﬁXQ - (t - to)@(to,t,ﬂf)

Hence

Then

3 Z 7
() = 2 0@ (to,y), B2 (t,2))

Recalling that ®F = Id and y = = — (t — t9)px, — (t — t0)O(to,t, z) we have

(t—t0) (P*+O(to,t,x)*)
——

N _ (L) = Zlwexawo)E—t) = (@ —y)  (Z%a) = 200 xat0)
dA A=0 (t — t0)2
— ZO|(t07X2(tO))at0®(t07t7x) — Z“|(t7m)8xu@(t0,t,x)
Therefore
dp(\)’ Z'ww) = 2o, Xalt0)) /i 20 (t0) = Z°(t0, X (20))
5.6 - ’ ’ — (" + O(to, t, ) ’ ]
( ) d\ =0 (t—to) (p + ( 0 ,33) ) (t_t())

— Z0|(tO’X2(tO))atU@(t0, t, .”L') — Z”|(t’x)8$u@(t0, t, .’L‘)
which is bounded provided the components of Z grow at most like ¢ and having good bounds on the

vector field Z applied to I'. (5.5) and (5.6) will allow us to build the lifts of our vector fields. An example
of this construction is shown in the next subsection.
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5.2 The rotation vector field 2,

In this subsection, we apply the procedure described above to the rotation vector field 215. Recall
that Q12 = 210,, — 220,, and let

cos(A)  —sin(\) 0
Q) = | sin(A)  cos(A) 0
0 0 1

The rotation of angle ) in the z!, z? plane. We thus have

@?12 (t,2) = QN = (cos(N)x! — sin(N)z?, sin(\)z! + cos(N)z?, 23)

Q
We can verify that dq;*)\u = Q12|¢;212(m), Q(0) = I3 and

—sin(A) —cos(A) 0
Q'(N\) = cos(\) —sin(\) 0
0 0 0

SO
-1

0 0
QOy=[1 0o o
0 0 0

Q
d‘b)\ 12
dA

It follows that for y = (y!, 4% y3) we have (Q'(0)y)’ = y'6i — y261 which is exactly o

912|<I>§212(t,m) A0
Recall that we have

. T —
pXQ(taxvt07y) = i _6(t07t7$)
t— 1o
Applying this equality to Qx and Qy we have
~ €T —
PXs (ta Ql', th Qy) = w - @(to, tv Qx)
— o

Multiplying by @~ it follows

1._ LY
Q'p —

We then derive this identity with respect to A at A = 0 and we get

- Q_1®<t07t7 QLL')

-Q'(0)p+p'(0) = Q"(0)O(to, t, ) — 0.O(to, t, ) Q'(0)x

Qm(tﬂvtax)

And finally

]5/(0) = Q%O)(@(tmt, .’ﬂ) +ﬁ) - ex(tﬂata Z)Q/(O)x

From Zf(t,7,p) = Z°0p f(t, 2, 9) + & F(t, z,ﬁ()\))‘)\zo (5.5) we have

Q2 f(t,2,p) = 0u f(t,2,9)Q"(0)z + D5 f (¢, 2, )(Q'(0)(O + p) — ©:Q"(0))

Recall that
tg— to x

i Ty
O(to,t,x) —/to t_tOI‘(s,st) A(t)ds

and hence we can define
@x(t()v ta x)lQ/(O) = @ng (t07 tv x)Z
where

T
t

t
S — to
@ng(t05t7x) :/

X
L T—t (Q12T)(s,57) - A(

)+ T(s,57) - QA ()ds
Finally we have

Qo = 20,2 — 220,01 + (]31 + @1)8132 - (]52 + 92)8;31 — @612 51
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which is reduced in Minkowki space (where © = 0) in

—M
Qi = .’L‘lawz - ZC28I1 +ﬁ18ﬁ2 —]328131

We will not describe here the procedure for the other vector fields but suffice to say that the procedure
is the same for the other €;;. For the scaling vector field S in Minkowski space we use Q(A\) = (1 + A)I
and for the boosts vector field in Minkowski space B we use Q(A\)(t,x) = ((t + Axl)y, (z' + \t)y, 22, 23).
We get

M
S =S*0.u
B = Bla,, + (6" — p*p")0p

5.3 Modification of the vector fields

Before modifying our vector fields let’s give two definitions :
First we give the definition of a Killing vector field

Definition 5.1. A Killing vector field X fulfills the condition : V, X, + V, X, =0
The vector fields used on M are Killing. The definition of the complete lift is the following :
Definition 5.2. Let Z be a vector field of the form Z = Z%9,_, then let,

YA

7 = Zaaza +pﬁw

Dy

where (p?) = (p°,p',p?,p®) with p° = /1 + [p| be called the complete lift of Z to the submanifold
corresponding to p° = /1 + |p|.

It is important to note that this definition only apply to the submanifold corresponding to p° =

V1+[p|

Complete lifts have the following properties :

— The complete lift operation lifts vector fields on M to vector fields on T'M.

— If Z is Killing for any regular distribution f defined on P, Z(f) is well-defined.
— If Z is Killing, Z commutes with the geodesic spray vector field X.

=M
The vector fields Z = described above in the Minkowski space are the complete lifts of Z. If it seems
at first that working with complete lifts would thus solve the difficulties involved with commuting the
Vlasov equation and the energy momentum tensor one should not expect the original Killing vector fields

N . M =M .
to remain killing. Moreover if we try to control Z  f, one can show that Z = only satisfy

7Mf(t7x,ﬁ) < Clog(t)

for solutions f of the Vlasov equation which cannot be used in the context of theorem 3.1. We will see an
M
example on 2;; below. Applying the rotation vector field to the approximation of the geodesic gives,

(5.7)
0 (Kaltor o)) = (&' (= 085 = @ = (= )0t~ 3" (| (o o)L D)
= Xa(to, t,2,p)'05 — Xa(to, t,x, )76} 0

+ /t(s’ —to)[[7(s', ' 5, D)0 — DI 52 S

to

Tysk o (ks o TVgs
tvt)(sz 1]( (Sastat))]ds

The first two terms are bounded since X is bounded and f|;—, has a compact support. Nevertheless,
the last term grows in ¢ and we need to modify the vector field by writing

M

Qij = ﬁij + Qijﬁﬁz
where
t o
o s —1to.n; xr x A T x —M -~ r x
Ql__: (s /77(5’?—F] / /775(@_9“ Fk PN P
ij /tot_to[ (s7st’t)j (S’St,t)l zg( (Sastvt))]s

The new vector field is written such that the non bounded terms are removed.The use of modified
vector fields is however not without drawbacks. Since the coefficients of these vector fields depend on the
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solution itself, they need to be estimated.

In theorem 3.2 we use a collection of slightly simpler vector fields than those described in the previous
subsection but that are a bit singular for ¢ close to tg. Thus across this section we will make the assumption
t>to+1

For the vector fields on theorem 3.2, we impose in general that Z has the following form :

Z = ZM 0y + Z'Opi

In the previous section we had Z| . 5)(Xa(to, t,2,D)") = Z°| (10, X (te)) — ZO|(t0,X2(t0))p2(t07t,%ﬁ)i
We now impose

(5.8) Z (0.0 (Xa(to, t,2,0)") = Z"| (10, % (t0)) — Z° | (t0, X2 (t0)) P’
to hold insteaﬂ. §
Applying Z = ZF0uu + Z'0p to Xo(to,t,x,p) =z — (t —to)p — (t — to)O(to, t, ) gives
Z(Xg(to’t,$7ﬁ)i) = Zl|(t,;€) - ZO'(t,w)ﬁi - Z((t - to)@(t()a t7x)l) - (t - t0)2i|(t,$7ﬁ)

and thus we obtain

i 1 i i i i
(59) Z |(t,z,f;) = t—1o (Z |(t,r) -7 |(t0,X2(to)) - (Zol(t,x) - ZO|(to,X2(to)))p - Z((t - to)@(toﬂf,l‘) ))
One can also show that

Z\(t.0p)(Po(tost,2,0)") = 2% (t.0p) — Z"|(t.0.p) O ¥ (t0, , )’

where

t
U(ty,t,z)! :/ F(s,s%)-A(%)ids.

to

which is bounded, provided the components of Z grow at most like t.

5.4 The modified vector fields

For clarity purposes this subsection is introduced to gather the different modified vector fields with
their expression.

First we give the expression of the rotation vector field ;5. Recall that for the rotation vector field
we have Z° = 0 so we have the same expression as in the previous section. Thus

Q12 = 20,2 — 2%0,1 + (p' + ©1)9p2 — (p* + ©2)0pn — 04,0

ﬁl
where
bs—t T T T T
Oq,, (to, t,7) = / ; to (Q121) (s, s?) . A(Z) +T'(s, s;) ~§212A(?)ds
to — o
and
O(ty,t,z)’ / LT (s, 57) A
x)' = s,8—)-A(=)"ds
(PRZ} " t—to 2% ¢
For the scaling vector field we use the proposition (5.9) to get
Sz‘(t@vﬁ) = t—to (5("z - X2<t0>l —(t— tO)pz - S((t - to)@(fo,t,x))l) = @(to,t“%‘))l — O5s(to, 1, 33))

Finally we have for the boost vector field :

i 1 ‘ i i il i i

Bil(ta,p) = m((t—to)fsi—(fEl—Xﬂto)l)P —Bi((t—t0)O(to, t,x))") = 8" —(p'+O(to, t, ) )p' O, (to, t, )
These equations can easily be extended to all vector fields and we have the following expression for

our vector fields, let ©(t, x)=0O(to,t, ) :

For i,j=1,2,3, i < j we define :

sl (t0p) = @005 — 270 + §'0ps — 7 0 + Q0
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where

(5.10)

ke _ 2S/_ Pig T Tyek Py T TNek  (ig g 2S/_ koo oL T /

Qij|(t}z,p)_t_to[to(s )T (' T, D)0 = DY(, 8/ T, D)0 — (a0 — 90, ([ (5 —t)TH(s 85, 7)) |
=0'(t,)6) — ©7(t, )0} — Q; (O (t,z))

Second we define

§i|(t,z,p) = xiat + 0y + (5; — ﬁiﬁj)aﬁj + éfaﬁk

where,
(5.11)

o 1 ¢ Iy T T ; t - r T

k _ r_ i JY T !~k i ) r_ ko o2 % /
B l(t.0) = tto[/to(s to)l(s', ' 7, s + 8,5—&—1&8961)(/%(5 t)IH( /5, ) ) ds'|

) i
= — O'(t,2)p" - Bi(6)(t,2) — 6" (t,a)
— Lo

Finally we define

§|(t,z,p) =t0; + l‘lay + §k8ﬁk

where,
. 1 ¢ . , ¢ .
S¥|(tapy = [/ (s" —to)I" (s, s'Z, g)ds’ — (toy + x’@xi)</ (s" —to)T"(s', s'Z, g)ds’)}
(5.12) (t—tp) to t t to t t
’ t
= O%(t,x) = S(O"(t,2)) — - ——O"(t.)
—to

6 Vector fields applied to geodesics

In this section, high orders of vector fields applied to geodesics are estimated which will be used to
estimate vector fields applied to the energy tensor in the next section. Before beginning the computation,
let’s recall the Gronwall inequality that will be used.

Lemma 6.1. Gréonwall inequality : For continuous functions v,a,b :to,t] = R, if

v(s) < / a(s"v(s")ds" + b(s),

for s € [to,t], then

t 4 1" 1"
v(s) < b(s)+/ a(s)b(s')els a"ds" gy
S
It will be assumed in most of this section that t > tg + 1, and |z| < ct, where 0 < ¢ < 1. Moreover we
suppose the bounds

€
/)1+a

N
(6.1) 27T (1, 2')] < forto<t' <t |2'| <ct', and |I| < L?J 2

~+

(

to hold where % < a < 1. We also recall the following definitions

Y(‘&tu m?ﬁ)l = X(S,t7$,]§)i - X2(87t7x7ﬁ)i
P(s,t,x,p)' = P(s,t,2,p)' — Pa(s,t,2,p)’
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6.1 Repeated vector fields applied to the initial conditions for approxima-
tions to geodesics

When we apply 71 to the equation (4.7) some terms of the form X — X; appear and in order to bound
those terms we will write X — X7 = X + X5 — Xy. Thus

Z (S? - X2(87 ta x’ﬁ)l)
will appear on the right hand side and therefore we need to estimate it. We will see in the next proposition
that it suffices to control ZT applied to

(6.2) |

z AN\ A\
s — Xo(s,t,x,p)" + Xa(to, t,x,p)" = s(

-~ |8

.
+

= s

|8

The following expression will also appear

(6.3) 71(%i — pi(s,t,x,p)) -7 (Pi(s,t,x,p)) —4—71 (%l — Pg(s,t,m,p)>

where
Ny , b T T
Bis.tenp) =5+ [ T T, D
i tt
Proposition 6.1. For any multi index I, there exist smooth functions A such that

11

—I ; q L ~ At Tayeeey ~ 1 i] il
Z (Xa(to)') = Xa(to)’ (M,;—(P) + > Ay (bt e) 27 (07)..274(© "))
k=1 |Jy |+ || <[]~k
. |I| ~ . .
+ AP+ > Ao (ﬁ,t,a:)ZJl(G)“)...ZJk(G)Zk))

k=1|Jy|+...4|Jk|<|I|-k

fori=1,2,3, where Xa(ty)" = Xa(to,t,2,p)" and A’I‘Jh“‘]’;k (p,t,x) and Nl‘ﬁi" (B, t,x) satisfy

idr e de a i Trende [~ T t P N AP NN A R t
R, ot = M, (5 ) Rt = A (i )

i Lginesie \O 0 1 — 1 Lin,.o P P T

. 31k I

for some smooth functions A17j,i17~--7ik and Ay
Proof. We shall prove the result by induction on |I|. For [I| = 1 we prove the following result for

(t,x,p) € supp(f) :

Qi (Xa(to, t,2,p)*) = Xa(to, t,2,p)'6) — Xa(to, t,x,p)’ 6%,
Bi(Xy(to,t,m,p)*) = to6; — Xa(to, t,2,p)'p",
S(Xa(to,t, x,p)*) = Xa(to, t, x,p)* — top"
Indeed recall that

t
X%(S,t,l’,ﬁ) = xi - (t - s)ﬁz - / (Sl - S)Fi(sla S/%7 %)ds/
S
defines the approximation of the geodesic X(s,t,z,p) for (t,z,p) € supp(f) and to < s <t and that

. ts—t() x T, .
o(t ,t,wl:/ —TI'(s,8=)-A(=)"ds
Got,2)' = | T35 AD)

We shall prove the result for |I| =1 for €;;, the other vector field also follow from a straight forward
computation.
We have

Qij(X5) = 20k — 2958 — (t — 8)p'ok + (t — 5)p?0F — QK. (t — 5) — Q;5(")
= X30% — XJoF + (0765 — 075F](t — 5) — Q;;(0") — Qi (t — 5)
= X0k — Xx3ok
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We now suppose that the result holds at || and we shall show it for |I]| + 1.
First we notice that, for any multi index J; we have

Z(z7(0") = 2" (6)
where |L;| = |J;] + 1. We also have the following equations

t — xk xt xJ
. — Q.. — k _ k
j(tftg) 0 ”<t7t0 tftoaj tfto(s“
i i k i k
Bi(t:x_aj t7 i(gc:tf_ac ac7
t —tg t—ty t—tot—tp t —to t—to t—tot—to
_ t t t 2 _ gk zk zF t
SG—) =14 7<t—t)’ S T T niw
0 0 0 0 0 0 0
(6.4) Qi;(p") = (p' + ©")6F — (" + ©7)s} — Q;;(0")
(6.5) Bi(p") = (o —p'p’) - 0" — 0" — B,(8")
— Lo
_ t
(6.6) S(pF) :@’ut - oF — 5(e%)
— Lo
Now we have
A
—J ! k,J
7" (Xa(to)") = Xa(to)? (Afp +Z Z Azplk’l’ (p,tx)ZJ1(9k1)~~Z""(9k"))
r=1 |y [ | T | ST

11

SRR DD DI Ve NI VAN CRON AR CL)

r=11J1 |4t | T < T =7

B

Applying ﬁij (the same idea applies for the other vector field) to this equation we have

ﬁiJ‘?I(Xz(?fo)k) = (Xz(to)i5§-) — Xo(to)?0F) A + Xo(to)PQij (A) + Qi (AY(H)) + Qs (B)

Qi;(A) = Qi (A} (D)) + 2ui5(C)

where C denotes the sums. Let’s call for (k,|J;|) fixed : fo = Ak’;}kl) T
1 <wu <r. Then
r ||

=> > > Qi () I1 £

u=0r=1|Jy|+...4+|J-|<|I|—7 s#u

For u > 1, Q;;(Z7«(0F)) = ZL«(©F+) where |L,| = |J,| + 1

(b,t,x) and f, = Z7+(6F) for

Thus we have

ﬁz‘jZI(XZ(to)k) = (Xz(to)ifsf — Xo(to)?07) A + X (to)? [ﬁij(Alf,p(ﬁ))Jr
r || |

SN > Az"(©M)..zEe(©M)...27 (0F)+) > Qi (M) z (k). .z (e

u=1r=1|Jy|+...4+|J|<|I|-r =Ly A e S| =

+Qi; (A7 (P) + Qi5(B)
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where A = AY71- ', (D, t, z) and we have splitted the sum appearlng in Q,;(C) in two parts. Now ;;(B)

I kl,
gives the samepb sums than €;;(A) where we would have A = A% ;6111 k. (p,t, 7). Hence we have
—I+1 k k & kodisee 5 T (QF Tr (@b
Z(Xa(to) ):Xg(to)p<AI+17p(p)+Z Z Afli-ll,’p,/;nj Bt 2) 27 (O7).. 27 (O ’))
r=1 [y |4 | T | <[+ 1 -7
[1]+1
AR LB+ Y > N, bt )27 (0)..27(6M))

r=1 |Jy|+...+| T | < T|+1=7

where

. — N Ak (D) ifp=1
gt =By + {0
) -
Q; A’;;jl,;l o W (Btx) AT+ T < T =

ki, AP o : :
A];_;Ii’wéh e (Btw) = ZA,p,lkh :‘1 eEe(p,t, )+ A’;;]}cl (p,tx) if| 1]+ ...+ |J-| =0andp =j

.....

Tk (Bt @) if| 1]+ ...+ |J| =0andp =i

where |Ly| = |I,| — 1
This ends the induction.

Proposition 6.2. For any multi index I, there exist smooth functions A such that

i . 1
7’(2_;31') - (ﬂtj )A}] SRS 3 RiTodi(p 4 2) 27 (©1)... 27 (0%)

t
k=1 |Jy 4.+ | T | < T —k+1

fori=1,2,3, where

FC T OO PN i1, LT T t
AI,il,...,ik (p7t7x) AI S, ,Zk (p ?’t_to’t_to)
for some smooth functions All‘ﬁik
Proof. For |I| =1 we have
k i J
— €T X - X
(5 )= (5 - (7wt -
1] t p t p J t
k i i
— [z . x i\ . T .
(% )=~ 2 ()
t t
2

We now suppose that the results holds for |I|. Applying the rotation vector field ﬁij (the same idea
for the other vector fields) we have

k ]
07 (- = [(F PG Y. Y Arenzien).z et

=1y et T <=1

(5 ) - (B =)o - oA+ ()R + 3,

t

We have already shown in the precedent proof the value of ﬁij (A). The results follows from the
straightforward induction. O

Proposition 6.3. For any multi index I, there exist smooth functions A such that
11

Z' (') = Ni(p) + Y > Aploedop e a) 20 (©M)...27(O™)
k=1 |J1 |44+ Tk | <|T|—k+1
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fori=1,2,3, where
Ryl o, t,a) = At (p, L)
Ii1,..0k Y Ii1,..0k ’t_to’t_to
for some smooth functions Ab Tt T

L, ig *

Proof. The result for |I| = 1 comes from (6.4), (6.5) and (6.6). The induction is straightforward as in the
proposition 4.1 and 4.2. O

Now that we have reformulate the different components of the vector field applied to the system, it

appears that we have to estimate Z7O.

6.2 Preliminary estimates for repeated vector fields applied to approxima-
tions to geodesics

Proposition 6.4. Suppose t > to+ 1, || < ct and the bounds (6.1) hold. Then for |[I| < N,
1 t
Z'eta) s > U@ D)+ > —— [ (8 —t)|(Z7T)(s 5T ds
t—to J, ¢
|JI<]1]-1 |JI<I1] 0
Moreover, if |I| < L%J + 2, then
C
Z0(n)| < &

Proof. Recall that

t
O'(t,z) = +— / (s —to)I" (s, 8", —)ds’
— 0 to
Thus
26'(t.) :_Z(t)/t(s,_t (s S s’ + — 7 1) /t(s’—t (s, 57, 2 s
’ (t —t0)* Jy, ’ st t—to to ’ St
Z L/
- -2 o(t,0) + 20 (1,0 L) / (s — o) Z(I'(s, 5. 7))ds’
t—to t t—1to Ji,

Moreover we have

x .Tk
i (Tl (5:57)) = (O Ths) (57 ) (5, 57)

xt x xJ x
= 57(3ijgﬂ)(s, s;) — s?(aziFgﬂ)(s, s5—)

= (Qijfgﬁ) (s, s%)

and straightforward computation also show

B; (Fgﬁ(s,sﬁ)) = (BiFZﬂ)(s,s%) — x; (SFZ,@)(S,S%)

Now for |[I| =1:
1 t T
Q”(Qk(tvx)) i / (8" — 1) (Fk(sl,slf, ?))ds'
0 Jtg
and
Nk r. xoexBrk k . xoxh
0 (I3 D) = 2u( 99T 7 7 ~Tha(s D7 7 )

<—3§21—'(F0 (s s’f))+729¢'(1"k (s',s'g))
— t3 J af ’ t2 J af t
< 30).. 0 ! /E 20).. k / /f

< Q5 (Faﬁ(s .8 t) + Q5 (Faﬁ(s , 8 t))

S D@D,

<t

N——
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If 1] < L%J + 2 we have

(PR s 5 < e ¢
QU(F (8 S t t)> I]z<:1 (t)1+a = ta

The result for the other vector fields can be shown in a similar way. The proof for |I| > 2 is a
straightforward induction which concludes the proof.
O

Now that we have some bounds on |Z1O(t, z)| we shall show the following proposition

Proposition 6.5. Suppose t > to+ 1, || < ct and the bounds (6.1) hold. Then for |[I| < N,

6.7) ‘Z (Xa(to)! ‘<1+ S 0@ D))+ Y

t—1t
lJ1<]1]-1 i<y 0

/t (s~ )(Z7T)(s", o' 2

+ Y @D+ >

[JI<[I]-1 [JI<|1]

@"—‘

/t (s' — to)|(Z'T)(s, s'%)|d5'

t—to

t
7 Az < J o J E /
(6.9) ‘Z 1+ Y HEZD)+ S t_to/t(s t)|(27T)(s', ') ds
[JI<|T]-1 [JI<]1] 0
1 ) o figs ST T AP ° o J Y /
(6.10) z (/t (¢ — t)l(s', 55, D) £ 2 /f (s — (27T 5 )l
0 [J]<]1]
I tA r X J J L
= it 5 Ty < € ’
(6.11) ‘Z(/SF(S,St,t)ds>N S (2Tt + E:/|ZF 52 ds

[JI<[T]-1 [TI<IT]
o . N
fori=1,2,3. In particular, for |I| < ng + 2,

7|+ [Zer e 75 )

for i=1,2,3

Proof. Recall proposition 4.2 and corollary 4.1 :

— If T(¢,2)| < (1+t)71“ for || < ¢t + K then, for (¢,z,p) € supp(f) with t > 1, we have

X
7 — Bl < (K™

— Suppose t > tg is such that (¢,z,p) € supp(f) and |[(t,z)| + t|OC(¢t,x)| < et~17* Then for
to < s <tandi=1,2,3, .
‘XZ(Satvaa)z‘ S./ s

Their use along with the use of proposition 6.1, 6.2, 6.3, 6.4 show that the bounds (6.7), (6.8), (6.9)
hold. (6.10) and (6.11) can be show as in the proof of proposition (6.4) above.

O
Corollary 6.1. Suppose ¢t > to + 1, |z| < ¢t and the bounds (6.1) hold. Then for |I| < N,
(6.12) ‘Z (XQ(S L2.p) )] <1+ Y @D+ Y / (27T)(s, sf)\ds
' s ’+5
[JI<]-1 [JI<I]
—1/X5(s,t,x,p) } <1 J JT
(6.13) ‘Z (75 7) S+ Y HE D)+ Z )5/ )ds

[JI<H]—-1 [7I<I1]
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for all to < s <t,i=1,2,3. In particular for |I| < {gJ +2

‘ZI(Xé(&t,:c,ﬁ) B w>’ <1

(6.14) y g

Moreover

i

— N 1
(6.15) ‘21(% —Pg(s,t,x,p))‘ S+ Y HE D)+ Z )(s', s 7)\ds
[JI<|I]-1 [J|<|1]
In particular, for |I| < L%J + 2,
1zt . 1
(6.16) 7' (% - B ton)| s -

Proof. We write

X;(Sathaﬁ) = X%(t07t,$,]5) + (X;(S,tﬂl},ﬁ) - Xé(t07t7x7ﬁ))

Z)ds'

Yds' + /S(S’ — 1) (s, '

x
to 3

~+| 8

t
= Xito,t 2 5) + (s — to)p + (s — to) / fi(s',

T
s t’

o&-\&z

The proposition 6.5 allows us to show that,

’71(X§(s7t,x,ﬁ))‘<08{1+ > HE D)+ Y ! /t(sl—to)‘(Z‘]F)(s’,s’f)‘ds'}

1J1<IT]—1 =in E Tt e
tos Y /|ZJF (.5 Dlds' +C Y /(s’—t0)|(ZJF)(s’,s’%)|ds’
|71<IT] |7|<1| 7o

Dividing by s :

t

\71(M)\5[1+ > @Dl Y e [ )@ D)
° |71<I1]-1 =t e t

Using the fact that

t I _ ¢ t I _ ¢ s _ ¢t
/ by gy 5 = / S by zory D lds + / F by ) s
o t v t—to ¢

t — to t . t—to

t X ZC
< / (Z7T)(s', s/ 2 ds’ + / Sz )
S t to t
t J T 8/
Z I\ ! /7 /
2 Pl s

(6.12) follows. For (6.13) we write :

Xi(s, t,z,p 2t o xt to ..  Xs(to,t,x,p s—10)
3( p)_f:(p_f)_ﬁp,jL 3(to p)+( o)p,
s t t s s s
b s . T x
+(s—t0)/ (s, s ; f)ds + - / (s’—to)F’(s’7s’?¥)d8’
s to

and proposition 6.5 allow us to conclude. For (6.15) we also use proposition 6.5 writing

l‘i A . Z‘i ; tAv Tr T
7_Pl t o N 1—\1, / i d /
t 2(85 7xap) t p /5 (S,S t7t) S

For (6.14) and (6.16) we use the bound (6.1) writing

t / ,T t T to SI T
| FolEne s < [z nesplas+ [ Sz s s
t s s s

05+s
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6.3 Repeated vector fields applied to difference

The aim of the section 6 is to have bounds on |Z1X| and |Z!P|

where o _ _ '
X(Svta‘raﬁ)z = X(S,t7l’,f))l - X2(57t7x7ﬁ)2
P(s,t,z,p)" = P(s,t,2,p)' — Pa(s, t,2,p)’

In order to have them we must apply the vector fields to our system and thus to the difference

(6.17) D(X, P) = T(X1, 1) = (D(X) = T(X1)) - A(P) + T(X1) - (A(P) = A(P))

This expression leads us to find some bounds of the vector fields applied to A(P)—A(P;) and I'(X) —
I'(X;). Since we can split X — X; = X + X5 — X; and P—P =P+P,— P and given the bounds of the
last section we need to express the two differences above as a linear in the X — X; or P P,. Therefore
we show the following lemma :

Lemma 6.2. Given Y1,...Yy € R> and F : R? — R, let Y; - - - Yy - (O¥F)(Y) denote the sum of
-1 -k
Y{ Y] -(0;, - F)(Y) over all components 1 < j1 <n fori=1,...k. We have

(6.18)
—J —J —J
7 (F(X)-F(X1)) = 3 chon 2 X2 X1 ((0°F)(X)— (0" F)(X1))
k<|J]/2, i+t =J, 1<|J1 | <. <[ |
+ 3 cron Y 2"Xx- 7" x 7N (X -x)Z" X027 X0 (08 F)(X)
k< J1/2, Tt Te=d, 1< |1 | <. < || 1<I<k
—=J1 —J
+ > g2 X Z7X (0P F)(X) = (9F)(X1))
E>|J|/2, Jit.. .+ Je=J, 1<|J1 [ <. < T
+ 3> o S 2" X027 X0 2N (X -x0) 2 X2 X (00 ) (X0)
k2 [J1/2, Jit et Te=J, 1<|J1|<... <[ k| 1<i<k

The expression above will be applied for FF = A and F = T". We know that for |J;| < |J|/2 we will be
able to estimate the factors Z”' X by their L°° norms. Note that the sums have been splitted according

to two events, whether k& > |.J|/2 or not. Depending on k we will use L norms either on §*(F) and
OF*+1(F) or on the other factors.

Proof. There exists ¢z, .. s, such that

—J —J1 —Jk k J1 Ik k

Z (F(X)-F(X,)) = > cnon 2 X Z P X(OFF)(X)-Z" X127 X1 -(0F F) (X,)
ky Ji+. A Je=J, 1<[J1 < L Tk

Now we make a different composition depending on the size of k. If k < |.J|/2 one writes

7"x 7" x (0" F)X)-Z" X, 77X, (0FF)(Xy)

=7"x ... 77X (" F)(X) - Px )+ (Z"x 72 x -7 x, - 27 X)) - (0 F) (X))

And now writing

7"x..7"x=7"x ... 7" x - x)+72"x ... 7" x,
~7"x 7" x - x)+72"x 7 x - x0Z7"x v 70 x - 7P x) 27 x

=7"x,-- 7"+ Y. 7'x 7" x 7" x - x0)Z7""x, - Z

1<I<k

Ik
le

This produces the first two sums with k& < |J|/2. For k > |J|/2 w do the same thing but with X;
instead of X.
O

We can now apply this lemma to A. We obtain
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Lemma 6.3. Suppose |ZXP| < C for |K| < |L|/2. Then

(6.19) Z'AP) - AP S S 2P - By
[MI|<|L]
(6.20) Z (APl S 1

Proof. Note that |7I(P1)| < 1 for any I and that we have the following estimate
(0" ) (P) = (@"M)(P)| S|P~ P
The bound (6.19) comes from the previous lemma and the other bound is straightforward. O

Lemma 6.4. Suppose |ZXK X| < Cs for |K| < |K|/2. Then

—M
Zew-rxs Y ek Y EEERL sy - z0my e
|K|<[J]/2 |IMI|<|]]| [MI<|J|
—K
+ Z ‘Z (X_X1)| Z ‘(ZJMF)(Xl)l
|K[<I71/2 i IM1<]|
and

(ZT) (XD Y [(ZMT) (X))
IMI<1]

I
w < 1 for any I. Before continuing the proof we shall show a property on

Proof. First note that ‘
OFT. There exists function A that are smooth when |x|/t < ¢ < 1 such that

T (t,w) =t™F > Ag(x/t)(Z5T)(t, )

|K|<k

Let’s prove this property by induction on k.
For k = 1 we have

1 .
0T = S [BT — 2'0,T]

o = %[SF — 2P0, T

The result follows from a straightforward induction.
Applying the lemma 6.2 we have

Z'CX)-T(xX)) S Y SUOTTX)-@ T (x)l+ Y > CF 2 (X - x) 19T (X))

K<|J1/2 k<[T1/2 1<I<k

‘We have :

T (t,x) =t7F > Ag(x/t)(Z5T)(t, )

|K|<k

Thus

—M
YT oHlZx - x et < Y jzRTe) Y A

s
k<|J]|/21<I<k |K[<|J|/2 |M|<]J]|

Moreover

sPI(OMT)(X) — (") (X1)| S D Ak (X/s)(Z5T)(X) — Ak (X1/5)(Z5T)(X1)
K| <k

and
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Ag(X/s)(Z5D)(X) = Ag(X1/s)(Z7T)(X1) = (ZFT)(X) = (ZFT)(X0)] Ak (X/5) + [Ax (X/s) = A (X1/8)|(ZT) (X1

Therefore

FETE) - @D S Y 12D - (2500 + NSz
|K|<k |K|<k

and the result follows.

From the following Lemma we have :

Lemma 6.5. Suppose |ZXK X| < Cs for |K| < |I|/2. Then

—M
ZrE)-rE s Y M. S EE T s vy 0 (20 x|

|K|<[J]/2+1 [M|<]J| [M|<]J]
=K
75 (X — X1)
by RS gy,
|K|<]J]/2 [M|<]J]|
and
@DE) S Y (2
[MI|<]J]

Before applying the vector fields to (6.17) we first decompose depending on whether more derivatives
fall on A or I'. We get

Z'(0(X, P)-T(X,,P) = 3 Z'(D(X)-T (X)) Z"MP)+Z'T(X1) Z" (M(P)-A(P))
J+L=I,|J|>|I|/2,|L|<|I]/2
+ 3 7 (0(X) = T(X1)) - Z"MPy) + Z'T(X) - Z" (A(P) — A(By))

J+L=I, |J|<|1|/2, |L|>|I|/2
With this decomposition,lemma 6.3 and lemma 6.5 we get :

Proposition 6.6. Suppose |ZXX|/s +|Z5P| < C for |K| < |I|/2. Then

—J
70 ) -t ps Y @ e ke Y (S 7 e )
|K|<|I]/2+1 [7]<I1]
+ Y (Emm-ene+ Y (FEEL 72556 - )iz e)
[J|<|1] |K|<|I]/2

and

12 (T(X, PO S Y 1(Z27T)(X0)
1<1)

Corollary 6.2. Suppose |ZXX|/s + |ZKP| < C for |K| < |K|/2. Then

—J
Z'CP) - TXL PSS Y 25D (s, e S 1Z'(x - X))

[K[<[I]+1 [JI1<|1]

1Z'TXL PO S D IZ7D)(s0 ) e
<1

+[2' (P~ Py)))
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6.4 Parameter derivatives of the equations and vector fields applied to their
differences

Since the vector fields applied to the system will be control by integrating from the final time ¢ we
need to control the final conditions of Z' X and Z' P. In order to have some estimates on these final
condition we need to estimate derivatives d/ds of our system. If we write X (s) = (s, X (s)) we can write
the following system

AXe apm . &xX . d*p
— p) —T®R(x. P h Xk 22 pk) 2
ds ’ ds (X, P),  where ds ’ ds
where
(6.21)
PR(X, P) =TW(X)-AW(P) := > (OM D) (X)) (X) Ak ..ok (P)

m>1, ki4...Akm+m=k+1, 0<k, <...<k,, <k

"U>

The functions Ay,
for k =1 we have

,,,,, k,, (P) can be found by applying the Leibniz rule and the chain rule. For instance

ds
Now recall the system

dX, - dp, . . dX, . dP,
—= =P —= =T(Xy) - A(P, — =P — =
ds 3 ds (X1)- A(P),  and ds b s 0
From a straightforwars induction it can be shown that
ap®) o )
o = O T(X0)PLA(PY)
S
Thus by writing
(6.22)
L2 =72 (X). AR (P) = > (@M T)(X) - (0" T)(X) - Ay, (P)
m>2, ki+...4+km+m=k+1, 0<k, <...<kp, <k
we have
(6.23)
~ (k) —(k) I D
dX —(k) dP S o AL o Ao . Ao —k) d*X =k d*P
=P =T®(X, P)-T® (X, P)+T®2) (X, P, here X' = P ===
ds ) ds ( ) ) ( 1 1)+ ( 1 l)a where ds ) ds

Recall that in the proof of Lemma 6.4 we have shown that there exists function A that are smooth
when |z|/t < ¢ < 1 such that

OFT(t,w) =t™F > Ag(x/t)(Z5T)(t, )
K |<k
We now have the following Lemma :
Lemma 6.6. Suppose that t|ZIT(t,z)| <1 for |I| < (|L| + k)/2. Then
12T W) S Y 12T ),
[T|<|L|+k

1z T () S Y U2 Tka) Y 12T ),
IMI<(LI+k)/2 HEp

Thanks to this lemma, we can now apply the estimates of the previous subsection to I'®) instead of

I
So as in Proposition 6.6 we obtain :

Proposition 6.7. Suppose |ZKX|/s+|ZKXP| < C for |K| <|L|/2. Set n = |L| + k. Then
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—J
HZHEO D) TS Y 12 Y (PR 7 e )
|K[<n/2+1 [JI<IL|

=K
£ (- o+ Y (FEEA 756 b))z a)
[7]<n |K|<|L|/2

and

SIZEEED (XL P S Y sIEZED s I+ Y sIZET) (s e Y 1(ZMT) (X))

|K|<n/2 |K|<n/2 |M|<n

Corollary 6.3. Suppose |ZXX|/s 4+ |ZKP| < C for |K| < |L|/2, and |ZM X,|/s + |ZMP,| < C for
|M| < |L|. Set n = |L| 4+ k. Then

=7
FIZH RO P) - TW (X, P S S 2D s e S 1Z° (X - xy)|

—J A A
+1Z7(P - )
|K[<n+1 [7I<|L|

and
SHZE R (X1, P)| S > slZ5)(s, )%

|K|<n

6.5 The final conditions

For Y (s,t,x,p) we have
(6.24)

_ A —_ ay = dY

:7(t)cjl—y(t,t,x p)+ (ZY)(t, t,x,p), where (ZY)(t,t,z,p) = Z(Y(s,t,2,P))|s=t
s

Repeating (6.24) leads to
(6.25)
(?Iy)(u t,x,p) = Zl(y(t, t,z,p))+ Z CI,Jl,.“,JM,JZJl (t)-~-7Jk+1 (t)(ZJY(k-&-l))(t’ t,x,p),

Jit A Jp 1 +J=1, | Ji|>1, k>0

where Y(*) = d;—sy and Z"'(t) = Z7i(t) are constants time ¢ or 27 for some j. This equality is a
straightforward induction.
Applying this equality to P one can easily obtain

I R —J —J k+1 ~
(Z P)(t,t,I,p) = Z C’I7J17---7J]\7+17JZ l(t) e Z k+1( )(Z P( ))(t,t,:c,p),
Jit et Jus1+d=1, | Ji[>1, k>0

From the previous equation we also have

—I— R —J —J —J=(k+1) ~
(Z X)(t7ta'rap) = Z CI,J1,~~.,Jk+2,JZ 1(t) A o (t)(Z P( )(tat7x7p)a
Ji+.. A Jkp2+JI=I,|J;|>1, k>0

where the fact that X (t,¢,z,p) = P(t,t,2,p) = 0 has been used.

Recall that in this subsection we want to control the final conditions of ZIY and ZIP at final time
t. Using the decomposition (6.23) and the following inequalities :

—I— R —L—(k+1) ~
[(Z P)(t,t,z,p)| < > tNZTPT (D)l
|LI+R<[T]-1, k20

—I— R (k+1) ~
(Z X)(t,t,2,p)| S S EZPT )
|L|+k<[I|=2, k>0

we have
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Lemma 6.7.

(Z'P)| < > FHZH WX P) - TR (X, Py)| + P ZE(@FD (X0, P))| at s=t
|L|4+k<|I]-1, k>0

—=I— —L ~ ESEIPA A A —L ~ SN
Z'X) s Y. R ZIEW&E P - DO (K, P+ 2R (K%, P))| et s =t
|L|+E<|I|-2, k>0

where everything is evaluated at (s,t,x,p) where s = t.
The previous estimates lead us to formulate the following proposition :

Proposition 6.8. Suppose t > to + 1, |z| < ct, (t,z,p) € supp(f) and the bound (6.1) hold. Then, for
1< | ¥ +2,

—I —i ) Py g . €

‘Z (P (Svtazap)‘s=t +t 1|Z (X (S7taxap)|s=t 5 t27
Proof. We shall prove this by induction. The case |I| = 0 is straightforward. Assuming its true for
|[I| < m < N/2+ 1 the assumptions of corollary 6.13 hold at s = ¢ and we can use it.

—J
L. L . 7 (X-X I A
MZHEOP) PO s Y ek Y (B 7 e )
[KI<|L|+k+1 [JI<IL]
—J
€ Z(X-X)| =7, -
§t1+a Z %—F‘Z (P_PI)D
[JI<IL]
Thus
L ¢ Z'(X - X)) =
FHZH OO P) - TO (X P S o Y (e (2P - )

[JI<IL]

Writing X — X1 = X + Xo — X; and P — P, = P+ P, — P, we have

7(]7
—L . A . € € |Z"X|  =J=
tHZHEOX,P) IO (XL ) S o+ > (P +1Z7P)
[JI<IL|
£

—L A
tk+1‘Z (I‘(k,2)(X17P1))| < o

where the estimates (6.14) and (6.16) from Corollary 6.1 have been used. We then use the previous lemma
which concludes the induction.

O

Proposition 6.9. Suppose t > tg+ 1, |z| < ct, (t,x,p) € supp(f) and the bound (6.1) hold. Then, for
1] <N,

17" (' (st 2,9) o=

€ 1 te —t T
< _ 4 — J 0‘ J ’ /7’ ’
Swmtn Y (dEneol+ | (Z7T)(s',5' )| ds')

t—t
1< |1]-1 to 0

—J ~i ~
127 (X (5, 5) o=

t oot
-t
Smm Tt 2 (tI(Z“’F)(t,x)H/‘i 2|(27T)(s,5'7)|as)
[J|<[I]-1 to © 10

Proof. As in the previous proof, we use an induction. The case |I| = 0 is straightforward. Assuming its
true for |[I| <m < N/2+ 1 w can use proposition 6.7 at s =1¢ :
Thus

7' (x - xy)|

B L . €
127 ([CW (X, P) - T® (X1, P))| S prew > S

7J ~ ~
+Z°(P - P1)|)+
|7I<|L]

€ €
dr 2wt 2 )
[JI<IL] [JIS|LI+E

Thus
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—J

k+1 7L ik 5\ t(k 5 1 127 (X — Xy) J

EZIEOX P EO XL P S o Y (2 (PP Y (D))
[JI<IL| |JI<|L|+E

and

1
1 Z8 (0D (X, Pl))|§7+7 > H(ZMT) (X))
|MI<|LI+k

Writing X — X; = X + Xy — X; and P — P, = P+ P, — P, and using the estimates (6.13) and (6.15)
the same way we used estimates in the previous proof the induction is verified. Then, the proposition
follows.

O

6.6 L™ estimates for lower order derivatives of geodesics

Proposition 6.10. Suppose t > to + 1, |z| < ct, (t,z,p) € supp(f) and the bound (6.1) hold. Then, for
|7 < L J +2andi=1,2,3,

82a71’71 (Yi(s,t,x,p)))‘ + S2a

71(Pi(s,t,x,p)))‘ < Ce

forallty < s <t

Proof. We shall proceed by induction. The case |I| = 0 is straightforward. Assuming the result is true
for |I| < k then the assumptions of Corollary 6.2 are true. We obtain

—J
7P -t P S Y 1@ el Y (HEEE 7 e )

IKI<|I[+1 [J1<|1]
Hence
d—I,—i I € |7](X X1)| J
7P —1Z (T Py _ T b)) < — Z7(P=P
Z7'(P'(s)| = 12/ (00X, P) = D(X0, P))| S o U;”( 7P - 1))

Using the inequalities (6.14) and (6.16) after writing X — X; = X + X, — X; and P-P=P+P-P
leads us to the bound

7(] —
d -1 —i € € |Z7(X(s))] —=J,—=
ZZ Pe)| =5 s+ o 2 (o 12 (P))
[71<11]
We now need to integrate between s and ¢ and thus the bounds foqnd in the previous section are used
here. So, using proposition 6.8 in order to recover a bound on |7I (ﬁz(s, t, x,p)))‘ at s =t we have

L P Z / IZ O, Z"(P(s’))l)dS,’

/2+a 8/1 “+a

The Gronwall inequality gives us

ZE W] s e X [ (EE,y

[JI<I1]

Integrating again between s and ¢ one gets

7' (X'(s) ’<e+eZ/ |Z /1+a ‘)ds,

where the proposition 6.8 has also been used.
Using once again the Gronwall inequality gives the result.
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Proposition 6.11. Suppose t > tg + 1, |z| < ct, (t,z,p) € supp(f) and the bound (6.1) hold. Then, for
1| < |¥|+2andi=1,2,3,

72 (X s, b)) | + |2 (P (s o)) | < Ce
forallty <s<t

Proof. The previous proposition gives us

520~ I‘Z stxp)))‘—ks%

71 (Fi(s, t, x,p))) ‘ < Ce

Now we use X = X + Xy — X1 + X7 and P = P+ P, — P, + P, The estimates on M and Z' P
I J— A A~
come from the previous inequality. The estimates on M and Z I(PQ — Py) come from Corollary

I —] A
6.1 Finally the estimates on % and Z IPl come from Proposition 6.5 which concludes the proof.
O

In the next subsection we provide the main result of this section which is a high order estimate on
the vector field applied to the geodesics.

6.7 Higher order estimates for derivatives of geodesics

Proposition 6.12. Suppose t > to + 1, |z| < ct, (t,z,p) € supp(f) and the bound (6.1) hold. Then, for
I <N andi=1,2,3,

(Z271)(s', )d

1 <7t ~ a a
626) [7' (X (5,100 § g+ 30 AT + Z/ -

[JI<I]-1 1<

—I —i R 1
(6.27) ’Z (P (s,t,x,p))‘f,STaJr; ST o@D )+ Y / 7‘ (Z7T)(s' sf ’ds

[J|<[T]-1 [JI<|1]

+ ) / ZJF ) (Z7T)(s', X (s'))ds'

71<I1]
forallty <s<t, |I|<N
Proof. From proposition 6.6 we have
d o1 —i Z/(X - x)| =g
. X)) g
SZ'PE)|s Y D6 Y (R 2 - )
IKI<[T]/241 71<I1]
=K
Z (X -X K. . s
+ Y (Izn - @ne+ Y (EEZE 746 - )iz
71<11] INE

As in the previous proof we use X — X; = X + X5 — X, and P—P, = P+ P,— P, and with proposition
6.10 and corollary 1 and the bound (6.1) we obtain

) P 7% s ] — €
L7 P05+ Y (D 7 By +

ds ~ gl+ta s gl+2a
7111
7 7 x t J 1 J x
+ Y D)X ()~ (2D s D+ o D \(z rha)|+— Y | r<s,s;>>\
[J1<|1] [JI<[T]-1 [JI1<|1]
D N
s’ S
|J|<|1\

We call Fy(s,t,z,p) :
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Fi(s.t,0,0) = rget Y [(Z7D)(s. X(9)~(Z7T)(s.

t
[J|<|T] [JI<]T]-1 [JI<|T|
S/
ZJP s
> / )
[J]<IT]

Integrating between s and ¢ we obtain,

‘71(?2(8))’ 5 ‘Zl(ﬁz S +€/ Z |Z e ))' + ‘Z g(ifl ))|) +F[(§,t,$,]§)d§
[J1<|1]

The Gronwall inequality gives

7' @' )| < 7' (Ps))],. t+e/ 3 Wﬂw . 5)ds

[71<|1|

And integrating again between s and ¢ we obtain

1Z' (X' (s))| S |Z' (X' ()| _, + (t — 9)|Z" (P'(s)) / 3 2 (X)) T N 4 55,(5,t, 2, p)ds

1<

Using again the Gronwall inequality :

Z' (X' )| <7 X ()| _, + (¢ —9)[Z (F'(s)] _, +/ 5Fy(3,t, 2, p)ds

From proposition 6.9 we have

—J =i ~
‘Z (P (Satazvp)‘s:t

§t2%+tia 3 (t|(Z‘]F)(t,x)+/t t/_to‘(er)( s 3)|ds')

|7|<IT]-1 to

—J ~i ~
‘Z (X (87t7$7p)‘52t

Sm T Y (t|(ZJF)(t,w)|+/tt tlfto((z‘fr)( s 0)ds')

[JI<|1]-1

Therefore we need to estimate f; SFy(8,t,z,p)ds to have bound (6.20) and more precisely it remains
to estimate

t 1 /t P
— (Z7T(5,52)) ~ds'd3
s S |JZ<:I to tls"+ s
We have
/ / (5,552 ds/d§</t1/t ))’ds’Jr ! /s (2°1(s',s' %))\ ds'd3
3@ t’ s +35 ~Js s s slta Ji Tt

and the bound (4.30) follows. The bound (4.31) can be shown in a similar way.

From this proposition and proposition 6.5 we have the following Corollary :

Corollary 6.4. Suppose t > to + 1, |z| < ct, (t,x,p) € supp(f) and the bound (6.1) hold. Then, for
[I| < Nandi=1,2,3,

Zf(xi(to,t,xp‘ ‘Z to,txp)‘SC(l—l—tQ_a 3 (27Tt a)

[J]<IT]—1
t
+ Z / (S/)lfa
to

[JI1<|1]

ds’)

Now that we’ve shown some results for the vector fields applied to geodesics in the case t > to+ 1 we
shall have bounds when the time ¢ is close to ty, where the vector fields become singular and we don’t
need the approximations of geodesics sicne the result are local. W will note 0 = (9, 01, 0y2,0,3). We
give some properties that can be shown by following the proof of this subsection. The proof of the next
section are in fact much simpler than the previous ones.

(Z'T)(5' 5| + o

(27D)(s'8'T) = (27D)(, X(s))
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6.8 Spacetime derivatives and small time

First, we have the following proposition which can easily be shown following the proof of proposition
6.6.

Proposition 6.13. Let I be a multi index and suppose that |05 X|/s + |05 P| < C for all |K| < %
Then

0" (L5, X (), PONIS Y 1O D) )l Y (Ia"X(S)IJrI@JP(S)I)Jr Y 107T(s, X (s))]

|KI<|1]/2+1 [JI1<|1] [J1<11]
The following propositions can also be shown with the same idea that in the previous subsection :

Proposition 6.14. Let I be a multi index and suppose that |07 T(t,z)| < C for all |J| < U“J +1. Then

(@' P)(t,te )l S Y 10 D)ka)l, @ X)Lt p) ST+ Y (07Dt )]

[JI<H|-1 [JI<H]—-1

Proposition 6.15. Suppose to <t < tog+ 1 and |0'T(t,z)| < C for all to <t < t and |z| < ct’ and
N
|J] < { J + 2. Then, for |I| < {5J +2,
(07 X)(t, t, 2, p)| + (0" P)(t, t. 2, p)| < C,
for all tg < s < t.

Proposition 6.16. Suppose tg < t < tg+ 1 and |0'T(t,z)| < C for allty <t <t and |z| < ct’' and
[J] < { J + 2. Then, for |I| <N,

(@' X)(t 2, )| + (2" P)(t tw,p) ST+ > |9/T(t )+ > /t|aJrs X(s)|ds’,

[J1<|1]-1 [71<11]
for allty < s <t.

Now we have all the ingredients to begin estimating the components of the stress-energy tensor. To
understand how we can apply the result of the previous section on the stress-energy tensor it is interesting
to understand it on a simpler case. The best way to understand it is to assimilate the paper written by
Claude Bardos and Pierre Degond in 1985 on the Vlasov-Poisson system.

7 The Vlasov-Poisson system

In their paper [2], Claude Bardos and Pierre Degond show the dispersion property and the existence
of a smooth solution for all time providing the initial data are localised and smooth enough.

7.1 The system

We denote by u,, (1 < a < N), N positive functions which describe the density at the point z, and
at the time ¢, of particles of the type a which have the velocity v. We denote by ¢, and m, their masse
and charge. The variation of u, is described by

Oy, o B

and

(7.2) E = 47qua /]R3 \xfy|3 (/]R3 ua(x,v,t)dv)dy

We also write

(7.3) an/ Ue (T, v, t)dv
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If the functions us(x,v,t) are smooth then
t = uq(z(t), v(t),t)
is constant if (x(¢),v(¢)) verify the following Hamiltonian system :

(7.4) Bt =v(t), o) = L E(a(t), 1)

Me

(7.5) X(s)=V(s), V(s)=FE(X(s),s).
with the Cauchy data :
(7.6) X(t) ==, V(t)=wv

We can already see some similarities between the Vlasov-Poisson and the Vlasov-Einstein system. The
function p could be assimilated to our stress-energy tensor in the case of Vlasov-Einstein system. We will
see that such as in theorem 3.2, bounds on p are the ingredients to conclude.

7.2 Global existence of the solutions for small initial data

The following theorem is the core of the paper from Bardos and Degond, it gives the existence of a
smooth solution for all time providing the initial data are localised and smooth enough. In the following
subsection we do not show the entire proof of the global existence of the solutions. We will show an
inequality that look like the same as our theorem 3.2 and we will stop until this inequality is shown.

Theorem 7.1. We assume that the functions uge(z,v) for « = 1,..., N, are twice continuously differen-
tiable, and that they satisfy the following estimates, for any pair (x,v) in R x R3, and any « :

€
7.7 0 < ug.o(z,v) <
@0 < v0.a(®:0) S AT ot
€
78 va « b) S
78) Veaatoal® OIS R Rl
9 €
. <
(7.9) |v(w,v)u0,a(xvv)‘ = (1 + |z)*(1 + [o])*

Then, there exists €y, such that for € < €y the Vlasov-Poisson equations

Oug, o _
(7.10) 8——}—(1} Va )ua—i-m—a(E-Vv)ua =0
(7.11) Ua(2,0,0) = ug,a(z,v)
(7.12) an/ Ue (2, v, t)dv
(7.13) E:47r/ 2 p(y.t)dy
r3 |7 — Y|

have a global in time solution such that us(z,v,t) is continuously differentiable in R2 x R> x R} and
such that E(x,t) and p(z,t) are continuous in R2 x R;F. Furthemore, this solution satisfies the following
uniform estimates.

(7.14) [(uals - t)lleo <€ [(ual.,- )1 < Ce
(7.15) Sup, g /R o (2, 0, t)dv < (1%)
(7.16) / / IVt (2, 0, )| dad < Cet
(7.17) Sup, g /}R Vutala 0, )l < (1%
(718) B0l < 7
(7.19) IV2E( )]l + [VZE(, 1)]loo < REDEE
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We notice that this theorem isn’t far from our theorem 3.1 : we need some assumptions on the initial
datas and we have decay estimate.
The idea of the proof is to proceed by iteration and introduce a sequence of functions

u(x,v) = (uf(z,v), ..., upn(x,v), ..., uf (z,v))
in the following manner : We first define ul,(z,v,t) by the formula :

1
(7.20) aa—t +v-Veul =0 ul (2,v,0) = ug.q(x,v)

which is the linearized equation. and the charge p; and the Electric field F; are given by the equations :

(7.21) an/ ul (z,v,t)dv

T —y
R

J‘LIT—

Now suppose that u?(x,v,t) is defined. Then p,, and E,, are defined by the equations

(7.23) an/ up (x,v,t)dv

r—y
7.24 E, =4 —_— t)d

+1

and u) ™" is supposed to satisfy the linear transport equation

8ug+1 n qOé n
(7.25) S+ (v- V) utt + m—a(En SV )ut =0
(7.26) ul ™ (z,0,0) = g o(z,v)

So the solution of the system is

(7.27) "'H(x v, 1) = Uq,0(X5 (0,1, 2,v), V(0,t, x,v))

where X7 (0,t,z,v), V(0,t,2,v) is the solution of the Hamiltonian system :

(7.28) Xa(s)=Val(s),  Vas) = Ba(X3(5), 9).
with
(7.29) X2(t) ==, VIt =wv

In the sequel, X7, V? will mean X(0,t,2z,v) and V(0,¢,2,v) and C will denote a numerical constant,
which may eventually depend on ¢, and m, only. We can also deduce the following uniform estimates :

(7.30) 0 <u(z,v,t) < / |ont1(z, t)|de < Ae
R3

In order to prove the convergence of the subsequences u, p, and E, towards smooth functions, we
will need the basic following estimates, valid for € small :

A
n~;t oo T V:vn o T Vg;n OO§77 vVt >0
_— 0 Dll + 19200 Dlle + V2000 Dlloe < 7753

||Pn(~7t)||1 + Hvxpn(-at)”l < Ae

where A is a fixed constant which does not depend on n and e. The estimates on p,, and V,p, will
allow us to prove that FE, converges strongly in a suitable space where as the estimate V2p,, will give
us the regularity of the solution. We shall prove that, if these relations are true at order n, they are also
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true at order n+ 1, provided the initial data are small enough. To this purpose, we will first consider the
case t and use the uniform integrability in v (decay of order (1 + |[v])™®, a > 3); then we consider the
case t large, and use the uniform integrability in x.

The previous inequality is basically what we need for our theorem 3.2 and as we will notice in the
next section, the method to show the bounds for our theorem 3.2 will follow the strategy adopted by
Bardos Degond for the previous inequality.

Suppose that we have

aX” 3V" 92X o2V 110V™? 110X
(7.32) + + 0x2 + 0x? ov +t ov =C
With
(7.33) u2+1(x, v, 1) = Uq,0(X5 (0,1, 2,v), V2 (0,t, x,v))
and the previous relation we also ve have the following bounds :
(7.34) |prg (2, 1)] < C’Z/uao X" vhd
(7.35) Vapnia@0] £ O [ 1V (aayto(X3 V2o
(7.36) V2t (@0)] < €S [ 92000002 V) + Vit (X2 V2

So, thanks to the bounds on ug, we have

(7.37) / IV poss (2, 8)] < Ce
R3

and eventually replacing A by maz(A, C) we deduce that the second inequality in is true at order (n+1).

Proposition 7.1. We assume that E(t,x) satisfies the estimates :

n
. . < —
(7.38) IVl < e
2 < n

with n < 1. Then, the following estimates are valid for any (t,z,v) in Rf x R3 x R3 and any s such that
0<s<t:

(9X 3V
il (g — i < _
(7.40) ‘ 50 (s, t,z,v) — (s —1t) Id’ + ‘ 50 (s, t,z,v)| < Cn(t —s)
(7.41) aaX(st:cv Id’Jr‘a (s, t,z,v)| < Cn
32
. — —_— <
(7.42) P st +| s )| < O

where Id denotes the identity matriz of R® and C any arbitrary constant.
Proof. For any fixed (t,z,v) in R x R2 x R3 we write

0X 0X 0X

v ( ) v (s,t,a:,v) and R( ) v ( )_(S_t)ld
From the Hamiltonian system we have
X X X X
(7.43) %(5) = V. E(X(s),s) o —-(s) %(t) =0 %(t) =1Id

Hence we have R(t) = 0 and R(t) = 0 and thanks to the Taylor formula at the second order, we have

(7.44) R(s) = / (u—8)VE(X(u),u) - (R(u) + (u—t)Id)du
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and we have
u—s u—8)(t—u)

(7.45) |R(s)| Sn/ WR(U)|du+n/ ((1+u)5/2du

An integration by part allow us to show that

(7.46) /t wos)t—u),, <C(t—s)

TENEE
and
“ow—s

so by appling the Gronwall inequality and using the fact that n < 1 we have

(7.48) [R(s)] < Cn(t - 3)

which proves the first inequality. The other inequalities can be shown in a similar way.
O

But for this proposition to hold, we made some assumptions on the Electric field which shall be
proven.

Lemma 7.1. Let p(x) be a smooth function belonging to the space L*(R*) N W1>°(R3). Then for the
function ® fiven by the formula

(7.49) O(z) = /]R rw g,

s |z —y

one has the following estimates

(7.50) 9]0 < Cllpll X2 plI2*
(7.51) V@] < Cllpl22pll}*

_ 0/(3+0
(7.52) |D2®||o < Collpl|21=0V GH0 |7, p|| 28/ (3+6) || 1/ 3+)

where C is a constant. D? denotes any the second order derivative, and 0 €]0,1[. The last inequality
comes from the elliptical reqularity of the solution.

Proof. We will just prove the first one and the third one, the second one can be proven in a similar way

Let r > 0, we have
lz—y|<r |"1j - yl lz—y|>r |$ - y|

Using the change of variables x = = — y and the spherical coordinate for the first term and bound from
above by 1/r in the second term we have

T pQ 1
0@)| < 4nllll | Zdp+ 1ol
(7.53) o P

1
< 2m7%[lplloo + —llollx
Studying the function on the right hand side of we have

27
2@ < (g + 40 Il ol

and the inequality follows
For |D?®| we have for i # j (i = j is the same) we have
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0°®

Byi 0y :‘ = _ii)_(fj; 1) p(y)dy‘
:‘ = _\ iji)_(ﬁs_ ) (p(y) — P(x))dy’

(7.54)

1 ply) — p()| / lp(y)|
<C / dy + dy
( |z—y|<r |.’L‘ o y|3_l9 |.’L‘ - y|9 |lz—y|>r ‘SL’ - y|3 )

1
<Co(’llpllos + —llells)

Where ||,D||079 = Supm7yw

lz—yl?
We deduce the relation
>’ 3/(0+3)) 10/(3+6
(7.55) 55| < Collollss" 1ol ¢+
Ti~Tj
We have for z,y € R? :
lp(y) — p(x)| _ lp(y) — p(2)|’ _ _
P = I o) — o) 7 < IVap 20
Thus
(7.56) llollo.e < 2/1Vapllliollas?
using the previous inequalities give (7.52) and the proof is complete. O

If we apply the lemma,(with § = 3/5), and use the induction assumption we have :

l/3
7.57 E,( )] <CA——+
(7.57) [En ()]l EE
(1/6
7.58 VaEn()loo + IVZEL () |loo < C.A——r
(7.58) | (5 Dlloo + IVEER(8)]loo < EEE
The proposition 7.1 applies and gives with ¢'/6 < 1 JCA :
ox" oV o?Xn oV 110V 110X7
(7.59) ox + Ox Ox? + Ox? tl ov tl ov I~
Now we consider the case 0 <t < 1, and we have
t
(7.60) V| < '737@'/ 1B (s 8)|loods < C A3
a Jo

Therefore ,
(7.61) V2| > |u| — CAe/3
and from the bounds (7.34) and the bounds on uy we obtain
(7.62) o (,8)] < CEZ/ dv

. Pn+1\T,s = ~ (1 + |v| _ CA€1/3)4
So, for € small
(7.63) I (5, 8)]oo < A 0<t<1

. Prn+1-y oo X (1+t)3 >~ U >

Similarly, the same estimate is valid for V,p,+1 and VZp,, 1. We can now consider the case t > 1.
In order to prove the induction for ¢ > 1 we have to give a corollary from the proposition we gave
above.

45



Corollary 7.1. Under the assumptions of the previous proposition, there exists a constant 7y such that,
when the vector field E(x,t) satisfies the estimate

n

with n <o

the following facts are true :
1) The determinant of the matrix ZX(s,t, z,v) satisfies the estimate, valid for any (z,v,t) in R xR3 xR3
and any s such that 0 < s <t:

(t—s)°
2

(7.65) det(%(s, fav)| >

2) For any fixed (s,t,7) R x R;” x R2 such that 0 < s < ¢, the mapping :
(7.66) 0:v— X(s,t,x,v)

is one to one.

Proof. 1) We have

(7.67) ‘det(%—f(s))‘ = (t = 5)°|des(1d + isi)(

The norm of R(s)/(s —t) goes to zero when 1 goes to zero uniformly with respect to (s,t,z,v) and by
continuity of the mapping determinant 1) follows.

2)We shall keep (t,x) fixed, and we denote by 6 the mapping for a given s. We first notice that for
s € [ty, 1], with

(7.68) [t —t.| < [[[VLE|||7Y/2

the mapping 6 is one to one. Indeed, suppose that there exists an s, in [t.,?] and two distincts values
v1, Vg such that

(7.69) X (8u,t,,01) = X (84, t,2,02)

Then we will show that the functions X;(s) = X(s,t,x,v;) (i = 1,2) which are two solutions of the
problem

(7.70) Xi(s) = E(X(s),s), X;(t)==
coincide on the interval [s,,t]. This will prove that v; = vo : We denote by z(s) the function
(7.71) 2(s) = X1(s) — Xo(s)

With an integration by part we then obtain

/ )i < [ £(9)]I=(5)lds

t
<IIV.EIl [ Js(o)Pds

< IV El[(t = s2)Supyey, gl2(s)]*

(7.72)

As we have
(7.73) 12(s)2 < (/:z"(u)du>2 <(s-— s)(/ |z"(u)|2du>2

with Cauchy-Schwarz inequality we deduce that

(7.74) / |2(s)|*ds < HIV;CEHI'(t—S*)/ |2(s)|*ds

This shows that the function £ is identically zero on the interval [s.,t]. Now, we define a number T by

(7.75) T = Sup {s € [0, ] such that ¢, is not one to one}
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From what precedes, we have T' < t. We will show that such a number does not exist. We denote by
X (s,v), the vector X (s,t,x,v) for any fixed (¢, ). Let vy, va, s such that

(7.76) X(v1,8) = X(v9,8)
Then thanks to 1), we can apply the implicit function theorem to the function
6w, 5) = X (w,5) — X (v1,5)
and prove that there exists a function W(s) defined for |s — s| < €, such that one has
(7.77) X(vy,s) = X(W(s), s) for |s —s| <, and W(s) = vq

Furthermore, the estimates (7.40) on %> is independant on (v, s) in R x [0, %], € is also independant
on v, vg, and s. Then according to the deﬁmtlon of T, there exists s €]T — €/2,T + €¢/2[, and two
different values v{ and v§ such that
(7.78) X(vi,s9) = X(v3,5°)

Thanks to what precedes, there exist a function W defined for |s — s¢| < ¢, verifying (7.77). Now, for s in
the interval |T' — €/2,T + €/2[, the points v§ and W (s) never coincide otherwise this would violate point
1). Thus T is not an upper bound, which ends the proof of corollary 7.1.

O

Estimates on E and corollary 7.1 proves that for € small, the mapping

(7.79) v— X2 =Xt z,v)

is one to one and that we have

DN
ollz 5

Therefore we can use the change of variables which appear in the right hand side of

(7.80) ‘det(

(7.81) \pn+1xt\<02/uaox V. dv
(7.82) Vepnsr(mt) <CS / IV (o tion0 (X7, VI do
(7.83) V220 < €Y [ 92000 (X2 V2| + Vit (X2 Vi) ldo

With the assumption on uy and the estimates given by the corollary this gives

dv
lpnt1(z, 1) < CGZ/W

(7.84) < Ceza:/ 0T ‘%ng ’det(a;ig) ‘—1dX2

< C’e/t3
<A/(1+ t3) for € small

Similar results for V.p,+1 and V2p,.; Hence (7.31) is true at order n+1, which completes the
iteration.

It is not necessary to continue the proof of Global existence of Vlasov-Poisson to understand our next
section on the stress-energy tensor.

8 Estimates for components of the stress energy momentum
tensor

The previous section helped us to understand that we will have to use the determinant in order to
make a change of variables to have some bounds on the stress-energy tensor 7'. In this section we shall
prove the theorem (3.2). Recall that

v L/ |detg
T (t,x) :/ f(t,z,p)ptp gdpldﬁdpg’
P,z

pO
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8.1 Bounding Z!T with derivatives of f

Recall that in the previous subsection for the Vlasov-Poisson system we had to use

ax™
ox

ovy
ox

92X7n
0x2

92V
0x?

1oV

L1 119X2
tl Ov

<
tl ov ¢

|

With
ul T (2,0, 1) = U o(X2(0,t, 2, 0), V20, t, z,v))

in order to have the following bounds

|pr1(z,t) <CZ/uao (X2, VM) dv
Vapnoa@0] £ O [ 1V (0o Vo

V200 < €Y [ 920XV + Vit (X5 Vi)l

With the section 6 we were able to find some bounds on the vector field applied to the geodesics.
We now need to bound Z!TH*¥ with derivatives of f. First we will rewrite the integral in the tensor T' in
terms of p.

Proposition 8.1. There exists a function A, smooth provided |p'| < c < 1 fori =1,2,3 such that

%

det(ggj)(t,x,ﬁ) — A(p, h(t,z)).

Proof. We have p° = 1 and since gosp®p® =1 :

3 3 8 3 3 apﬂ
a8 ; P~ _
>3 gapr®p® =1 Applying o7 ;ﬁz%gaﬁ o TP 5 =0

Hence

0

222%51) Ex “ 0 ZZgaﬁp W‘f’ Zgaop 35 =0

a=03=0 a=08=1

Since we have a dummy index in the last sum, in Einstein notations we have

aip() . 7gocjpa . 7gocjﬁa

op’ gsop®  gpop”

Li

Now with p* = 50 we have
opt 1 - op° 1. iGaiD”
D _ 25— gy = (50 4 pi el
oy 50 —p apj) 50 +p gﬁoﬁﬁ)
Since gagpo‘pﬁ =1 we have
1
0
P =\ %z
\' gappp’
Writing gas = Mag + hap and det(A™') = det(A)~! the proposition follows. O

Proposition 8.2. There exists smooth functions A", smooth provided |p| < ¢ < 1 such that
19(t,5) = [ 5N 5. bt ) d
Ptz

Proof. In Minkowski’s space, we have h = 0 and if we define p3, by the relation m,sp®p”® = —1 ,writing

~7 J .
Py = ;% after some computation we have
M

op’

o (P3)° = 1+ (") + (*)* + (p°)*)°/?
P

Since [p'| < e <1
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Op’
opI

Hence, for € small enough the change of variables (¢, x,p) — (t,z,p) is well defined. Using again
1
0
P =\ 7o
\' gappp’

\/W op' o — APY(
p p de t(ap )(t,l’,p) - A (pa h(t,l’))

for some smooth functions A*¥, smooth provided |p| < ¢ < 1. The proposition follows

— (L4 (012 + (22 + (7))°2] = [A(.Alt,2)) = A(p,0)| < suploAlIa(t, )| < Ce

we have

O

In subsection 5.4 we defined the modified vector fields and gave their expression with some Zk (t,z,p)
which have the form

Zk(t 2, p) = 2%, (t, 2)p + Z5(t, ).
Recall that

O () = O (1, 2)8 — O (8, 2)F — Q4(O% (1, 2))

Bf|(tp) = —0O'(t,2)p* — By(O8(t,2)) —

@k(t x)

—to

oF(t, x)

§k|(t,z,p) = Gk(taz) - S(@k(t,l‘)) Ty tO

Hence

OF (o) =0 QF ,(t,2) = O'(t, )0k — ©7(t,2)0F — Q;;(0"(t,2))

Bf(t,w) = —O'(t,a)sf  Bfy(t,w) = —Bi(0F(t,2)) — "ot (t,)

tfto

t

SE(ta)=0  S5(t,x) =0t x) - S(OF(t ) — Ok (t,2)0k (t, z)

_tO

Proposition 8.3. For u,v =0,1,2,3 and any multi index I, there exist functions A such that,

12|
zITm(t, z) = Z / f(t, z,p)) Z Z
[I1+|I2|< |1 k=0 |J1l+...+[Jp|<|I2], [ Ji]21
I a ~ Ll om A
> (Z" ") + 2" (hays ) A7 (b, 1) + 27 (217, )N (5, ) ) x

[Lyl+..+ Lk <2 -1, | Li] 21

ZIk A ;o om ~ ~ ~
X (Z7 6" + 27 (haup ) NP (5, ) + 27 (27, A (5, ) ) Ap, h)dp
Proof. We shall prove the result by induction. For |I| = 1, we have

Z(A™ (9, bty 2))) = Z() (O M) (9, b, @) + Y (Zhas)(t,2) (Dna s M) (B, h(E, ),
af

Moreover, for any function 7n(t,z,p), an integration by part allow us to show that
2( [ nteo.i) = [ @~ 209 ntt.o.p)ds = [ Zlntt,5) + 0 24) e, )t )
We also have
(050 Z°) (1) = Z§ (1, )

So for [I| =1 and Z = Q;;, B;, S we have
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2T (1, x) = / (Z(F (b, p)) + 2 (b 2) (1, 9)) A (b, Bt )+
£t 2 5) (ZG5) (0 A (B h(t, 2)) + (Zhors) (£ 2) (Dh, A7), B, ) dp

Hence

ZTH (t,x) / ft,z, D)) A* (p, h(t,x))+

F(t.2.0) (Z(0") (0 A ) (B, h(t, 2)) + (Zhas) (b, ) (On s M) (B, h(E, ) + 217, (£, 2) A (B, h(t, )) ) d

The proof for |I| = 1 follows.
Suppose now that the relation holds at |I|. Applying Z to Z'T* we have Z'' T (t,x) = 37,1 4 11, 1<in Z | Alt, @, )dp

where
. |12]
A(t,,p) = Z ' (f(t,2,9) x D >
k=0 |Jy|+...+|Je|<|I2], | J:|>1
14 ay,f1 7m 105
> (Z" 0") + 2" (e )N (1) + Z (277, )A (5, 1)) %

L1 [t L S T2 | =1, | Lo 21
Z Ik (s kP k A A
X (Z7 ") + 27 (haup )N (5, ) + 27 (27, A (5, ) ) Ap, h)dp

Hence

ZIHT (¢ x) = Z / A(t,z,p)) + Zof’k(t,x)A(t,w,ﬁ)dﬁ
[T+ 12| <[

For clarity purposes we will often write just > instead of the whole sum until the end of the proof.
Now we have

Z(Atz,p) =27 (f(tzp) D3>
k
2" () 3OS S Z(TT (27 60%) + 27 (e ) AP o, ) + 25 (Z02,)M (5, 1) ) Ap, b))

Gu

where |Ry| = |I1]| + 1 and

Z( I gu) = > 20 [ o
u=1 u=1 s#u

Moreover

Ay Al , 2 ws Qs Bu (A
Z(gs) = Z"" (0") + 2" (haus. )N 5 (5, 1) + Z7 (o, ) Z (A5 (5, 1))+
Tu ; Sm ~ Loy m \7 N
A (Zl,m)Alu(p7 ) Z (Z )Z(Alu(pa h))

where |K,| = |Ju| + 1 and |T3,| = |Ly| + 1
Hence we have

7T = Y / ETD

[T 4|12 <]
+Z7(f(t @, p) [Z >0 Z B (ha g )0 (B 0) + 27 (e, ) Z (AP Pe (p, )+
zz m>Al (B, h) + Z" (27, ) Z (A% (9, 1)) T] (9) A5, 1)
s#U
k
+ [T ZAG. ) + 25t ) >SS Jas
u=1
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Now expanding every factor gives the induction at order |I| + 1

O
Proposition 8.4. For any multi index I, there exists constants Cr s 1 such that,
7 1] —J . —J .
Z(ftep) = Y > Z7 (X (t)"") -+ 27 (X (t0)™)
ktm=1|J1|+...+[Jk|+|L1]+.. .+ | L |<|T],
[Ji]>1, |Li|>1
—L ~ —Lpm 2 ~
Z7 (P(to)")Z7" (P(to)'™) % Crio,s,1(Oin +--Oir Opts .01 f) (o, X (t0), P(t0))
Proof. According to the Vlasov equation we have
8.1)  Zf(t,x,p) = Z(X(to,t, 2, 5)") (. [)(to, X (t0), P(t0)) + Z(P(to,t, x,5)")(9p, f) (to, X (to), P(to))
The case |I| =1 is then proved. The proof follows from a straightforward induction O

Thanks to this proposition and the previous one and the paper from Bardos-Degond it is clear to see
what results we want to have. We need to have some bounds of the integral with derivatives of f applied
to our Hamiltonian system and use a change of variables. In order to do that we shall prove the following
proposition :

Proposition 8.5. Suppose t > to+ 1, |z| < ct, and the bounds (4.1) hold. Then, for each u,v =10,1,2,3
and any multi index I with |I| < N and Z! equal to a product of |I| of the vector fields Q;j, B;, S,

Zrrwai<c 3 [l@repnn X PedpeC Y [ 1085 ) 00 X to), Plto))

n1t+n2<|I| n1+n2<LmJ+l

x(tH > |(ZJF)(tx|+Z/ )

[JI<[I]-1 1<

(Z7T)(s, 5= ’+s’ (Z7T)(s, st) (Z7T)(s, X (s ‘ds)

Proof. From proposition 8.3 we have

12|

EL TR Y EA Y D DS
[T+ 12| <|I] k=0 [J1|+...+|Jk|<|I2], [Ji| 21
I a N L1 om A
> (Z (94) + 7" (hay )2 () + 75 (241, )A1 5, 1)) %

[Li|+. Lk | <| T2 =1, [L;|>1
X (Z65) + 27 (o )N (o, ) + 2 (27, )M (5, ) ) A, h)dp
For |I] > LTJ + 1 where I; is the multi index that appear in the previous sum, we have |I3] <
L%J +1 < |[§]+ 1. Then for every J; we have

—J;
|Z (h‘aiﬁi)(t7x)| <C

Proposition 6.5 gives
—Ji ai
1Z7 (") < C
Moreover, proposition 6.4 implies that for every 1 < |L;| < |I3] — 1,
7L1 o
1z (ZEl < C
for each Z{“k

Now from proposition 8.4 we have

11

Vi N > i J ir
Z(ft,x,p) = > > Z7 (X (to)) --- Z7" (X (to)™)
k+m=1|Ji|+...4+|Jk|+|L1|+...4|Lm |<|1],
[Ji|>1, |Li|>1

Z5 (P(to)) - Z7" (P(t0)™) X Crpo1(Dgis -0 Dgir -0t f) (0, X (t0), Plt0))

51



1< k+m <L, [A]+ o+ [kl + Lol 4 o (L) < 0T >0 L > LTk m > [ 1] 42
then |J;] < L‘Illj +1< \_INlj +1fori=1,..,kand |J;] < L%J +1< L‘—glj +1lfori=1,..m
From proposition 6.11 we obtain

Z7 (X (to)) - - Z7 (X (t0)™) 2" (P(to)) - - - Z7™ (P(to)'™)
X Cp kg, 1 (Ogin - Ogin Ogir -t [)(t0, X (t0), Plto))| < C Z |(3?13]?2f)(t0,X(to)»P(to)N

ni+n2<|I|

Now from Corollary 6.4 we have for k+m < L%j +1 there is at most one 4 such that |.J;| > L‘;—lj 2
or |L;| > Lllllj + 2 and thus :

z" (X (to)™) - -z (X(lﬁo)ik)ZL1 (P(to)") -- A (P(to)"™)
X Cp i1 (Dgin - 0in gis -t [) (0, X (t0), Plt0))]

<C N @R )t X(to), PUI(1 4827 YT (2Tt a)

[J|<[T]-1

(Z'T)(s, & t) (Z'T)(s', X (s ‘ds)

n1+na<[I]

L% for-

[JI<II]

(Z2'T)( 55| + o

Hence

|12

[ 7" i < Y )

k=0 |1 [+ | T | <2, | 5] >1
- 1,61 7m 1(H
> (Z" ") + 7" (hasp) A5 (5, 1) + 27 (Z7,)A" 5, ) ) %
Ly |4t Ll S| T2| -1, | Lo 21
—Jk . B °m R . .
X (T @) + 7 (B )NS5, ) + 7 (20, )N (5, 1) ) A5, ) dp

<c ¥ [lerornt Xt Pelarc Y [100 5. X(t). Pta)]x

ni+nz<|I| nytna<[ L] 41

(t“ S @D+ Y / a|(z7T)( sst)‘+s‘(ZJF)(sst) (Z7T)(s, X (s) ‘ds)

[J1<[I]-1 1<

Now if we suppose that |Is| > L%‘J + 1, use the propositions 8.3, 8.4 along with the propositions 6.4

and 6.5 one can show in a similar way that

|12]

[ 7 e <y 3

k=0 |Jy|+...+|Je|<|I2], | J:|>1
> (Z" () + 2" (s A7 (5. 1) + 27 (Z2,)A0 5. 1))
[Lyl4 Lk <2] -1, [ Li] 21
—Jie A o R R
X (Z70) + 27 (hay s )N (. 1) + 27 (27, A (5, ))Amh)dp

<c ¥ /|6"18"2f (to, X (to), P(to))\dﬁ<1+ Sz Y |ZJF)(s sf)|ds)
ni+na<|I| [J|<|I2] -1 [T|<| 12|

The propositon follows.
O

8.2 Determinants and changes of variables

Now that we estimated the components of our vector fields applied to the stress energy tensor in
terms of derivative of f applied to the geodesics thanks to the proposition 8.5 we can now use the same
ideas as in Bardos Degond paper to prove the theorem 3.2. Hence we will use for instance the change of

variables : (z,t,p) — (t,x,y) where
yi(ta x»ﬁ) = X(t07 t, xa}s)l
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for i=1,2,3.

Lemma 8.1. Suppose t > tg, |z| < ct, and (t,z,p) € supp(f). Then, if the assumption (6.1) holds and
€ is sufficiently small,

0X? et P et
.2 I - z - z
(8.2) B (st =0 S5 G hen) 6| <
and
oX? i € dPi €
(8.3) 6J(stxp)—6 S 8J(stxp) e

forallty <s<tandi,j=1,2,3

This lemma should be compared with the proposition 7.1 in the paper from Claude Bardos and Pierre
Degond [2].

Proof. If we try the same idea as in Bardos Degond and we call

d)(s) = w(svtvxvﬁ) + (t - 8)5;

we get ¢(t) = 0, ¢(t) = 0 and

opr*
op’

ox*

¢(s) = V. I(s, X"(s), P(s)) o

(5) + VL (s, X (5), P*(s))

(s)
With the estimates :

s, (5, X ()] + 5™ [0k, (5, X(5))] S e

we have

an 1
A )’ gl+ta

5 )

If we integrate this inequality between s and ¢ and since %L;f(t, t,x,p) = 5; we have :

3 1
| € Z (82+a

k=1

opr 1 an 1 aPk .
opi S5 (81,2, D) S Z / 52+a o 5)‘ 51+a | ap ‘d
€ 1 jox* _ 1 aP _
< sa“kzl_:l/s (g 3 O]+ g5 g @) — ot
Now if we divide by s'*?, integrate between s and ¢ and sum over i, j we have :

1 k ¢ 1 axk 1 aP’f
> [ e 2oy [ (e e z [ (el G 9+ s G 9 - ot
k=1 s

3 t k k
€ 1 10X" . 1 9P
s sa“g::l/s (7 apl O+ 37 opr (¥~ 0 a5
Hence with € small enough we get
US| 1
Z/ GED —Al s’ —6l)d’<—+62/82+a 5 ‘ds
k=1
We now have
o ort 5il < € 3t13X~d~
() aJ(S l‘p) 4N8a+6k;1552+aaﬁl(8)‘8
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Integrating betwen s and ¢ :

3 t
et 1
\¢(3)\§;+€Z/q ita
ke l=1"$

Dividing by s'*¢, integrating between s and ¢, summing over 4, j, taking € small enough as we already
did above give :

oxk
aTsl(g) + (t — 5)0r|d3

et
9] S

Inserting this bound in (8.4) give the result (8.2). The other bounds follow in a similar way.
O

Proposition 8.6. For fized t, x witht > to+1, || < ct, if the assumptions (6.1) hold and € is sufficiently
small, then, for p such that (t,z,p) € supp(f), the change of variables p — y := X (to,t,x,p) satisfies

(8.5) ‘det(gi.)_l’ < t%
Define

%

Zi(s,t,x,y) = X(s,t,z,pt, z,y))", 24 (0,8, t,x,y :zasx——i— 1—0)X (s, t,z,p(t,z,y)),
1 2 p

for i=1,2,3. If t > tg+1 and tyg < s < tg + %, then the change of variables (z,y) — (x,z1(s,t,2,y))
satisfies,

(8.6) ’det((%g(;;ﬂ)_ll <C

If tg + % < s <t then the change of variables (x,y) — (z1(s,t,2,y),y) satisfies

o (0 <o)

oxJ s

Finally if to + % <s<tand0 < o <1, then the change of variables (x,y) — (z2(0,s,t,x,y),y)
satisfies

(8.5) aee (220 20) 7 < (LY

oxJ s

Moreover, fort > tgy, the determinant of the 6 by 6 matrix k satisfies,

9x  9x
(8.9) \det k(to, t,z,p) — 1| e,  where k= <§P ;?5;)
ox op

Proof. Recall the bound (8.2) from the previous proposition. Setting s = to in this bound we have

0y’
OpI

(3.10) (o)

<et

Taking the determinant and e small enough we have

dy’ 3
- < 3
‘det(aﬁj) +(t—to) ‘ < et
Since t > to + 1, (8.5) follows.
~k
For the bound (8.6) we need estimates on g%;j. Indeed we have
9zi(s,t) _ 9X'(s,t,,p(t,2,y)) _ OX' Op"

(8.11) o oy = oy
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In order to do that, first notice that the matrix (%) is the inverse of the matrix <g—g;> and from
(8.10) we get

o, 9

‘ ‘ <€
dyi | t—tol ™t
From
o't y(t,,p) 9 ap' oy*
0_ 8xj - 8xﬂ(t’x’y>+0yk(t’x’y)5‘xﬂ
we get
op' _ _0p' oy*
oxi — Oyk Oxd
and setting s = to in (8.3) gives
o _ 5| <
oxi I
Now, since
w9 :_(aﬁi 5 )(aik_(;k) 1 (%_511)_<57?5i+ 5 )
ord  t—tg oykF  t—tg/) \OxI J t—tg Oxd J oy t—ty
Hence, with ¢t > to + 1
aﬁi, 9 ’ <€
oxJ t—tol ™t
With (8.11) we get
’azi t—sg
oyl t—ty ?
X’ N (opF oF opt o 1 /19X :
— _ 1 - _ —(t — — — <
‘(apk +( 8)5k) (aya‘ t—to) (t 8)<5yj t—t0> R (aﬁi +( 8)5ﬂ>‘ ~ €
Hence

( — 3
et (5or) - (7=3) | 5
OyJ t—1o
and (5.6) follow taking e sufficiently small for tg < s < tg+ %
The bound (8.8) follows with the same idea. We shall prove now the bound (8.9).

Recall that
X  9X
— [ 9z op
F=\1ap or
ox op

If we denote for tg < s <t:W(s) = (X(s,t,x,ﬁ),ﬁ(s,t,x,ﬁ)) and w = (x,p) we have k = %

Now
d 3 S PiPap pa PBT
(W () = (P(s,t,2,p), PP PTG 5(5, X) — PP T 5(5, X))
We denote F(s, W) = (P(s,t,z,p), Pipa]sﬁfgﬁ(s,X) - PaPﬂFgB(S,X))
Moreover
d f dk
$det k(s) = tr( Com(m)g)
dr
_ 14K ]
= tr(n 1 (5)) det k(s)
We have
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and
OF!
oW
Now with bounds (6.1) :

=3PPPTY (s, X) + 2P"PPTY(s, X) — 2P°Ti4(s, X),

‘%det (%—I:L/(s))‘ < slc—:a det

Using the Gronwall inequality, the bound (8.9) follows.

(Fu®)

8.3 L' and L? estimates of components of the energy momentum tensor

One of the key inequality to prove in the paper of Claude Bardos and Pierre degond was
(s )lloo + 1Vapn (s t)lloo + [V 2pn (- 1) <A v
,On .y o0 $pn (o] xpn oo = (1 +t)37
[on (D)l + IVapn(, Bl < Ae

where

pn(t, ) = an/ " (z,v,t)dv

pn could be assimilated as our stress-energy tensor in our case. Before showing the theorem 1.3 we have
the following Lemma which can easily be shown using the Vlasov equation with characteristics, the change
of variables p — y = X (t9) as in [2] and the bound (8.5) :

The proof of the following lemmas and propositions until section 9 will be taken from [1] page 46 to
51 without too many changes since they are very well explained. Nevertheless, I chose to rewrite them
for completeness purposes.

Lemma 8.2. Suppose w(supp(fo)) C {|z] < K}, t > to+ 1 and (6.1) holds. Then

R 1
/Xsupp(f)(t,va)dp N 3

where X supp(f) 15 the characteristic function of supp(f)

Proposition 8.7. Suppose m(supp(f)) C {|z| <ct}, t > to+ 1 and (6.1) holds. For € sufficiently small
then, for any multi index I with |[I| < N — 1 and each p,v =0,1,2,3,

vy Z7T)(t, . (Z'T)(
1T (@ s < 7 +C]DL'”J+1( > ”(ﬂ% 32/ = 5a+1/2 ”L2d5>,
[J|<|I]-1 |J|<|I\+1
o 1(Z7D)(t, )| L2 “Z7T) (s, )l
(21T (8, e §0V1+C]DL%‘H1( Y R Y t W—l/st>,
[JI<[T]—1 |J|<|T]4+1 o

where we recall that

D= Y 050 folloee  Ve= Y 11050, follr2rs

k+I<K k+I<K
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Proof. Recall that in the proposition 8.5 we provided some bounds on the vector fields applied to the
energy tensor with derivatives of f.

In order to prove this result we shall use the change of variables described in the previous propositions
and we shall try to bound in norme L' : || ZI T (¢,.)F(t,.)|| ;1 for any function F(t,z). Setting then F(t, )
we will have our L? estimate and with F(t, ) = sign(Z'T"" (t, 2))x{|s|<ct+ K} the L' estimate will follow.

Let F be a function of (¢,2). From Proposition 8.5 we get

1Z"Te (¢, )F (i <C Y /< f+K/(0310221‘)(1507)((750)7Is(to))ldﬁlF(tvw)dw

n1+n2<|I|

e /|x<ct+K/| (927957 f)(to, X (to), P(to))|

ni4ng <\_“|J+1

><<t2_a > \(ZJF)(ta:H—Z/ )

[7]<[T]-1 [JI<I1]

(Z27T) (s, 5= ‘—!—s’ (Z277)(s, St) (Z7T) (s, X (s ‘ds)dp|F(t x)|d.

With Cauchy-Schwarz inequality :

[ |<azla;2f><to,X(to>,P<t0>>|dﬁ|F<t,x>|dx
|z|<ct+K
< [ ([ Conntznan) ™ ( [ 10205 Nit0. X 00). Plto)Pap) [Pt )]s

for ny + ne < |I|. From lemma 8.2 and applying again Cauchy-Schwarz inequality we get

/ / (00022 ) (t0, X (t), P(to))|dpIF (¢, 2)|dx
|z|<ct+K

1/2 . 1/2
< [ ([ i) ([ V@20 1) t0, X 0. Pl ) (Pt o
C . 1/2 Vi,
< ([ [ 10032 0)(t0, X(t0), Plea) Papde) (e, oo < S )10

Similarly, for any multi index J, using the bound (8.5) we have :

[ Jiemer e X, P)ldst= |2 D)) (6 )l da
|z|<ct+K

mn D ~ aAi —a
<[ [Nt Pt i m )l |der (55 a2 D) o)1 (1)l ds
|z|<ct+K J|y|<K Y

C]Dnl +no

< i IEZDE ) [FE ) e

For the third term of the bound of || Z!T#¥ (t,.)F(t,.)||: we use the change of variables z* + 2% := s%
and we have :

/x<ct+K/|8nlan2f to, X(to), (to))|dp/t

D 2 1/2
< Pnyins ”;*”"’/ sl—“(/ |(27T)(s.55)| dar) IR (2, ) |2
t to |z|<ct+K

CIDn +n 1(Z7T)(s, )2
< o / o g, 1

—a(Z7T) (s, s%)‘ds\F(t, x)|dx

Now we need to bound the last term which is

[ 10, Poia /
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In order to do that we need to recall the change of variables we gave in proposition 8.6 which can be
used depending on whether ¢y + % < s <t or not. Therefore we need to divide the last term in two parts :

> /tS)(Z"F)(s,sf) - (ZJF)(&X(S))}ds

|71<l] 7t
to+1/2 . t
<y / (27T (5, 57)| 5] (27T) (5, X () dst S / (27T (5,57) (27 T)(s, X (5))|as
1<l 7t |J1<|z) 7ot/

The first term can be estimated as above and we get

n1 ana to+1/2 -
/w<ct+K/| (9 3 F)(to, X (to), (to))|dp/ ‘(ZJF)(&s;)‘ds|F(t,CE)|dm

CDy, to+1/2
SW/ 1(Z7T) (s, )| eds| F (2, )| =
0
< CDnpin, [*I(Z7T)(s, )22
==wr ), 1/2% ds|[F(t,.)] 2

For the second term we have :

to+1/2

[ Jemap e xeo b [ sz m) s x|l s

C]Dn n t0+1/2
1+ 2 / / F(t,z)| ’(ZJF)(S,X(S)) dydxds
x\<ct+K ly|<K

We use the change of variables associated to the bound (8.6) from Proposition 8.6. And we get

to+1/2 2 1/2
e [ / cal( [ |@rexe)] d) s
x\<ct+K ly|<K

C]D L t0+1/2
= Zif/ 1(Z7T) (s, )| L2ds|| F(t, )| 2
to

Finally we have

to+1/2
/ /| o107 ) (to, X (to), (to))| ’(Z‘]I‘)(s X(s ‘dsdp|F (t,2)|dz
z|<ct+K
CIDnlJrnz H ZJF

iz
= +3/2 81/2+ ds HF( )||L2

For the last term we write :

(Z7T) (s, s%) —(Z27T)(s, X (5)) = /0 % (er(s, os% +(1- U)X(s)))da

Moreover we have

dda (ZJr(s as% 1- J)X(s))) = (s%l - X(s)l) (9,:2°T) (s, Js% +(1- J)X(s))
Hence
(Z7T)(s, s%) —(Z7T)(s, X (5)) = (s%l - X(s)l) /Ol(awlz’r) (505% r(1- a)X(s))da
Now with Proposition 4.3 and (6.14) we get
s%l —X(s)l| < Cste
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Hence we have

3 ‘(Z]F)(sst) (Z7T)(s, X (5) ‘ds<0 Yoo a/ol‘(er)(s,asf+(1_U)X(s))‘da

[J]1<|T] [JI<[T]+1

where the fact that
T (t,x) =t > Ag(x/t)(Z5T)(t, )
K |<k
has been used with functions A smooth when |z|/t <1

Recall that if tg + % <s<tand 0 <o <1, then the change of variables (z,y) — (22(0, s,t,2,y),y)
satisfies

e P20 < o)’
where

Blous,tay) = o5+ (1= 0)X (s, t2.p(t2.9))",

‘We now have

t
[ i@ pto X Pl Y [ s[(270)655) (2705, X(5)|dsdpl (. 0)]ds
lo|<ct+ K <1 T to+1/2 t
CD !
< D / / / *a/ (270 (5,057 +(1~0) X (3))|dodsdy | F(t, ) d
t 1< el <ett i Ty <k Jto+1/2 0 t
Dyin 2 \1/2
< CDniiny SN / // / ‘(Z‘]I‘)(s os? +(1 U)X(s))‘ d:c) dydods||F(t, z)|| 2
t <741 t0+1/2 \y|<K |z|<ct+K
CDy, 4 1(Z7T)(s, )| 2
< mim / 22 e, )
|7I<IT+1
Combining every previous results we get
y CVpl|F(¢, )| 2
1277 (1, ) F (e <~
”(ZJF)(tv')”LZ || ((Z7T)(s, )l
+OD g IF e (YD B [ WD)
[J|<|I]-1 |J|<|1\+1

Now, setting then F (¢, ) we will have our L? estimate and with F (¢, z) = sign(Z/T""(t, T))X{|z|<ct+K}
the L' estimate will follow using also the fact that supp(T**) € {|z| < ct + K} and ||x{jo|<ct+ &322 <
Cct3/2.,

O]

Proposition 8.8. Suppose m(supp(f)) C {|z| < ct}, t > to+ 1 and (6.1) holds. For € sufficiently small
then, for any multi index I with |I| < N and each p,v =0,1,2,3,

v, 1(ZD)E e 1(Z7T) (s, )l
I v )
I(Z" )¢ ) < 57 +CD | JH(IKZI et Wm e / Sa+1/2 e ds)

Proof. As we can see the previous proposition has been modified with the last sum only providing |J| < |I|
and with a power of s slightly worse. Since we got this sum in the last proof of the theorem from the
”last term”, we only need to change this last part. Combining previous result of the last proof we can
show that
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CVipllF(t 2
12T (1, () g < ST

— t3/2
II(Z"F)(t,~)IIL2 || ((Z7T)(s, ) L2
+OD ) I (Y Fne e+ 3/2 8a+1/2 I s
|J|<|I\ 1 |J|<|I\
e / / (002 £ (to, X (t0), P(t0))]
|z|<ct+K

n1+n2<U”J+1‘J‘<‘I|
x/ ’(Z‘]I‘)(s sTY Z(27T)(s, X (s ’dsdp|F (t,2)|dz
to+1/2 t

And we shall bound only the last term differently.
Now we have

t

/tt ’(ZJF)(sst) (27T) (s, X (s ))]dsg Z/t s‘(er)(s,sﬁ)‘+’(er)(s,X(s)) ds

lJ<1| 7 tot1/2 l7]<|7] /ot 1/2

Recall that in the previous proof we have shown that

t
/ e [ 1@z ptto, X(eo) Pl [ 51
x| <ct+
C]Dnl no —a X 2 1/2
_7t3+ /S1 (/ ’(ZJF)(S,Sf)‘ dz) |E(t, )| r2ds
to |z|<ct+K

O]Dn +n H ZJF HL2
R e

al(Z27T) (s, %) ’ds\F(t, z)|dx

where we used the change of variables 2% s 2% := s% Now we have the same estimate to do but with
a = 0 which leads to

/$<Ct+K/Ka?lang)(to,X(to),ﬁ(to))ldﬁ/ S| (27T (s, 55)|dsdp| F (¢, )| do

t0+1/2

Dyyin 2 \1/2
< Poyins / s(/ (2/T)(s,55)] da) IR, lpads
t to+1/2 |z|<ct+K

CDn1+n2 H ZJF
- $3/2

ez o m e, e

For the second term recall that if ¢5 + % < s < tand 0 < o < 1, then the change of variables
(z,y) = (22(0,8,t,2,y),y) satisfies

joer (P25 2) < ()

oxJ - s
where

%

zé(a, st m,y) = st? +(1—0)X(s,t, m,ﬁ(t,x,y))i,

Hence

t
/ / (001022 ) (o, X (to), P(t))|dp / s (27T) (s, X (5))|dsdp| F (1, )]
|z|<ct+K to+1/2

CDn, 4y 2 \1/2
= T+/ S/ (/ ‘(Z"F)(S,X(s))‘ d:c) dyds||F(t,.)|| 2
to+1/2 J|y|<K *J|z|<ct+K

< ODniy [I( ZJF lze
< B [ A5t )1

Finally we get
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CYIIF(t,)|lL:
- $3/2

! 2 K IT) (s, . 2
ooy ireale( 3 WS 5 o IR )

[JI<I]-1 [JI<|1]

1ZfT (¢, D e <

and the proof follows by setting F(t,z) = ZITH

8.4 Proof of Theorem 3.2

Now that we have shown the case t > t; + 1 we need to consider the case to <t <tg+1

Proposition 8.9. Suppose m(supp(f)) C {|z| < ct}, to <t <to+1 and (6.1) holds. For e sufficiently
small then, for any multi index I with |I| < N and each p,v =0,1,2,3,

1@ ) (6, )l 1@ T )t Mr < Vi n (30 1@ D) e+ u ((0T)(s, ) 2ds)
[JI<T]-1 [JI<] I

Proof. We can show that as in the proposition 8.5 and with the help of proposition 6.15 and 6.16 :

oS Y [IOno e Xt Pho)lds 30 [ 1007 lta. X (to), Plta)

ni+ne<|I| ni+na<| )41

x( Z |(07T)( tJCH—Z/ 8JF (s, X(s ‘ds)

[J1<[T]-1 [J1<|1]

S > /|(8§18g2f)(to,X(to),f?(to)ﬂdﬁ—kDL%Hl( 3 |(8‘]F)tx\+Z/ |(07T) (s, X (s))|ds ) dp

n1tna<|I| l71<]1]-1 1<)

Moreover fon any function F(t,x),

/ / (00022 ) (t0, X (t0), P(to)|dBIF (t, )| < Vs | F(E, )12

and

/|F (t,x |// [(07T)(s, X (s ‘dsdpdm</ 1(07T)(s,.)||L2ds||F(t,.)|| 2

where the change of variables z — X (s,t,2,p) and the bound (8.3) have been used.
Combining every results we get

107 (¢, VE(t, 1o S Vil F (2, )l

+]DL%J+1/|F(t,x)|( S l@DE )+ Y / 1(97T) (s, X (s ))\dsdﬁ)dx

[J|<I|—1 [71<I1]

SIF@ e V4D o (X 10Dl + Y H (0'T)(5. ) |1ds ) |

l7I<[T]-1 [7I<|1]

and setting F' = 9/T* first and then F = sign(0!TH") gives the result.
O

We now have all the ingredients to prove theorem 3.2. From proposition 4.1 we have that |z| < ct+ K
for t > 0 in Supp(T“”) which is [#] < ¢f for { > to where to := K/c. Hence t = to 4 t. We note that

Q = Qyj, B; = 10, + 20y, S = t0; + 779, . These vector fields satisfy for any multi index I the following
property
(8.12) 11" = 3" Ars( % 77 iflafi<e<1

[J1<IT]
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for some smooth functions Ayy.
Now we have for any function F and tg <t <ty + 1 and |z| < ct

D Fta)| SI1ZTFE ) S ) |07 F( )]
<11 1<l

Proposition 8.7 and 8.8 hold for t >ty and we have from (8.12) that for ¢ > ¢

o'zt i s Y 125 T )
(KI<TT1+1]

0" 27T, M= S D 125 )ee
(K I<IT+1]

Hence the spacetime derivatives &' can be included in proposition 8.7 and 8.8. If we suppose the
assumptions of theorem 3.2, then the bounds hold with ¢ replaced by ¢ and the vector field Z replaced
by Z and the proof of theorem 3.2 follows.

9 The Einstein equations

In this section we provide the main results in order to show the theorem 3.1. Recall that in order
to prove theorem 3.1 one gives T, the supremum of all times 77 such that a solution of the reduced
Einstein-Vlasov system attaining the given data exists for all ¢ € [0, T1] and satisfies the bounds :

(9.1) En()Y? < Cne(1+1)°, S 2Tt )l < Ce
[T|[<N—1

for all t € [0,77], where

(14 |r—th*> r>t
Ex(t)= Y Ilw'0Z"n'(t, )7, w(t,:v)={ 9
= T+ (14 |r—t) 2 r<t

and ¢ is such that 0 < 8§ <y <1 -8, M < e and Cy is a fixed large constant, N > 4. The set of such
T3 is non empty by the local existence theorem of Choquet-Bruhat. The main objective is thus to use
the Einstein equations to prove that the bounds in fact hold with better constants, provided the initial
data are sufficiently small.

9.1 Klainerman-Sobolev inequality

In order to understand the importance of the Klainerman-Sobolev inequality, we first consider a
semilinear equation in dimension n > 4

(9.2) Ou = F(u, Ou)

with initial conditions u|;—¢ = €f and dyu|;—o = €g a. The question of the global existence of Cauchy
problems requires good estimates on |u(t, z)| for large ¢. The idea of the proof is to consider the energy

Qut)= 3 102 u(®)]3

[I|<n+4

Let T+ = {T > 0 such that we have a solution for our system v € C*°([0,T] x R™)}
We suppose that @ verify :

Qn(t) <Ae,  0<t<Tx

where A is a constant
We now have the Klainerman-Sobolev inequality

Lemma 9.1. Let u € C°°([0,T] x R™) vanish when |z| large. Then

(L4t + )" L+t = fzlDlult, @) < Cu Y0 1127t )7

+2
[J]<=53=

62



With this inequality and @, (¢) < Ae one can show that for |K| < (n +6)/2

1

|0Z5u(t,z)| < CAe(1+t)~ "2
and then
1 t dr
2(t) < =A A _—
@nlt) = 4 €exp[0 6/0 (1+7)n=1)/2

For n > 4 the integral is well defined and we can choose €y small enough such that for every 0 < € < ¢,

Ae
< —

Qi) < 5
and from a continuity argument the proof of the global existence of the solution follows.

In our case we consider the Klainerman-Sobolev inequality with weights which comes from a genera-
lization of the Klainerman-Sobolev inequalities.

Lemma 9.2. For an arbitrary function ¢(t,z) € C°(R3) and an arbitrary (t, )

o C Dz 022760, 1)1

R ST I T

where

1 — )1+ >t
w@,@z{wr e

T+ (1+|r—t)2~ r<t
The proof of this inequality can be seen in [7] p. 68.

9.2 Weak L* decay estimates
Recall that one of the decay estimates stated in theorem 3.1 was

Cie(1+ )¢
(L4t +7r)(1+q4)

r—t, r>t
0, r<t

|Z1h1(t7x)|§ ) “”SN*?’» Q+_{

with the notations of theorem 3.1. In order to have estimates on the metric we use the Klainerman-Sobolev
inequalities with weights (lemma 9.2). First we define the inverse of the metric

v v v r
93) g = R = (1)

%&w
r
Proposition 9.1. Suppose that the weak energy bounds (9.1) holds. Then

Ce(1+t)°

Fenarr—me >t
(9.4) |0Z ht (t,2)| < , [I| <N -2
Ce(14t)°
ATt ) (1+ =72 r<t
Ce(14t)°
e Tt
Ce(1+t)° (1+|r—t|)'/?
i+ ; r<t

The same estimates hold for Hy in place of h', and for h or H in place of hy if v is replaced by 6.

Before beginning the proof of this property we need to provide a Lemma that will allow us to have
the same estimates for H; instead of h' for nearly all the propositions.

Lemma 9.3. Let m"” be the inverse of my,. Then, for small h :

! ’
HM = g —mM = —h* + O*(h?)  where h"" = mM* m"” By
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Proof. For simpleness purpose we write g = m + h and g~' = m~! + H without the index x and v. For
h small we have

gl=m+h)t=mt+m! Z(—l)k(hmfl)k
k=1
Now

H=—hm™ +0(h?)

for h small and the lemma follows.

We can easily deduce from this lemma that

HYY = b+ O(h?)

Proof of Proposion 9.1. We first prove the inequality (9.4). Applying the Klainerman-Sobolev inequality
(lemma 9.2) to ¢(t,z) = 0ZTh1(t,x) we get :

\8Zlh1(t x)|w1/2 < CZ|J|§N ||w1/2ath1(t7')”L2
’ = (I+t+r)(Q+t—r)V/2
CNEN(t)Y/?

T+t 4t —r))/?

< Che(1+1)°

T (A+t+r)Q+|t—r)V/?

Replacing w with its value gives (9.4) for h'.
For (9.15) we first need to show that lim |Z7h!(0, )| = 0. The case |I| = 0 comes from the expression

of k' at t = 0. For |I| > 1 the form of the vector fields provide |Z¢| < C(1 +t + |z|)|d¢| for a function ¢
and (9.4) gives the result.

Hence for ¢ = 0 the bound (9.5) follows from integrating (9.4) between 0 and oo. For ¢ # 0 we distinguish
two cases :

For r >t : we consider w = ﬁ fixed and we have

T
ZIh (t, rw) = OZIR (t 4+ r — p, pw)dp + ZTR(0, (t + r)w)
t+r

Hence

t+r
|27k (b, rw)| = / 02T WM (t + 1 — p, pw)ldp + | Z K1 (0, (¢ + )w)|
r

</°°( Ce(l+t+r—p)°
S 1Q+t+r) A4 20—t =1t

)dp+‘(1+(t+r)5;(1+t+r)7’

Bounding the integral by replacing p by r in the numerator and integrating between r and co we get

27Ce(1 +t)° Ce ‘

ZTht(t, rw)| < ‘
|27 rw)|_(1+t+r)(1+|r7t|)7+ A+t+r)(I+|r—t)

where the fact that |r — t| < ¢+ r has been used

The bound (9.5) follows for r > ¢ and the same idea can be used for r < .
In order to prove those bounds for h or H we need to prove them for hqy then the previous bound on h'
and the Lemma 9.3 will allow us to conclude. Recall that

r
hgu(tvx) = X(;)X(T)iém/
r
and x is a smooth cut off function such that 0 < x < 1,x(s) =1 for s > 3/4 and x(s) =0 for s < 1/2

Applying Klainerman-Sobolev inequality with weights to h° we need to have some bounds on Z7hO(t, .).
Since the vector fields admit at most one derivative with respect to ¢t we have for |I| < 2

4 2 2 .
VUPORIES D 9) 9) SRaeCI (A NSEE

i=0 j=0 p=1
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where R is a constant. With the defintion of y and we have to make the bounds only for ¢ and r
bounded hence we have

|2, (8, ) < R

and with Klainerman-Sobolev inequality with weights we get
< CXI
T (I4t+r)(1+t—r)V/2

Replacing w by the expression give (9.4). Integrating as previously give (9.5) and the proposition
follows.

1021 K0 (¢, z)|w/?

O

In order to get improve decay estimates in the interior we use Hérmander L' — L™ estimates which
are the following ones :

Lemma 9.4. Suppose that u is a solution of Ou = F, where [ denotes the wave operator with data
ult=0 = 0 and yu|i=¢ = 0, then :

I
|1]<2
Lemma 9.5. If v is the solution of Ov = 0, with data v]i—o = vo and Ov|i=o = v1, then for any v > 0;
(L4 Dot z)] < Csup((1 + |2)* 7 (Jur(2)] + [Dvo(2)]) + (1 + |z ]) 7 |vo(2)])
Moreover, we will need the following version of Hardy’s inequality :

Lemma 9.6. For any —1<a <1 and any ¢ € C’g"(RS) :

9] w 2 w
/(1+|t—r|) 2(1+t+r) /|a¢| Aresmia™

Finally we will also use this lemma, the notations L, and 0 appearing in the lemma will be explained
in the subsection entitled ”The null frame”.

Lemma 9.7. Let 9, = @ and let 5# = 0y — L,,04 be the projection of 0,, onto the tangent space of
the outgoing light cones. Then

(9.6) |06(t, )| < 1040(t, )| + [06(t, )]

(9-7) (L+ [t = rDIdd(t )| + (L+t +1)[@p(t, )| S | Y 127 9(t, )]
17]=1

Proposition 9.2. Suppose that N > 4 and the weak energy bounds (9.1) hold for a solution of Einstein-
Vlasov in wave coordinates. Then :

Ce(1+1)»
(9.8) \ZIhA (L, 2)| < (L+1) . [|<N-3.
(T+t+r)(1+q.)
where g =1 —t, ¢ = max {q,0}, ¢— = max {—q,0}. Moreover
Ce(1+1t)»

(9.9) (1+ [g)|oZ h (t,z)| + (1 + t +r)|0Z W (t,2)| < [I| < N —4.

(+t4+7)(144q4)7
The same estimates hold for Hy in place of h', and for h or H in place of hy if v is replaced by 26.

Proof. The bound (9.9) comes from (9.8) using (9.7). It only remains to prove (9.8). We consider the case
r <t (the case r >t is then straightforward). First note that :

Ohyy = Oghyy — Oghyy + Ohyy = Oghy — (%7 — m®®)0,05h" = Oghy,, — H*P 0,050
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Then ~
Ohyw = Fpuu(h)(Oh, Oh) + Ty, — H*? 9,050

Hence -
Oh,, = —H"P 0,030 + Fp(h)(Oh, 0h) — OB, + T,

; 1 _
We now write hl“, = Vpp + Uyy + P Where,

D'Up,l/ =0 'Uuu|t:() = h}“,‘t:o, 8tvuu|t:0 = ath,lj,yltzo

and

Ouyy = —H*P 0,080 + Fu (h)(0h,0h) —OhS,  tuw|i—0 = Orup|i—o =0

D(bm/ = TMV ¢uu|t:0 = 8t¢uu|t:0 =0

This decomposition is used so that we can apply lemma 9.4 for v and lemma 9.5 for u and ¢. We will
prove (9.8) for each v, u and ¢. For v with lemma 9.5 we have

(L+Dfo(t, )] < Csup((1 + |2 (lor ()] + [Dvo(2)]) + (1 + |=) ™ vo()])

and with proposition 9.1 we have estimates on vg and vy for [I| =0
Hence for b > 0. Since we take the estimate at t = 0 from (9.4) and (9.5) we must consider the case
r >t in those equations. Hence

Ce(1 +7)2tt
(I+t)|o(t,z)] < Ce(l 4+ r)b_'Y

Ce(1 4 7)=7
lu(t,z)| < W

(Lot 2)] <

And with b < 26

Ce(1 +7)?°
R S
o) < T
With r <t

Ce(1+1t)»

Pt S T AT a

Now, since our vector fields are Killing Z’v satisfy the same equation than v and with initial condition
with ZTh'. Using the same proof as above and proposition (9.1) with |I| < N — 2 we get the result for
v. It remains to check the bounds for v and ¢.

From Lemma 9.4 we have

21K (
u(t, z)|(1+ ¢+ |2|) <oz// 12K 9] g
<2 3 1+s+|y|

where K = —H*?8,03h#* + F,,,,(h)(dh,dh) — Oh),,
Recalling that F),, (u)(v,v) depends quadratically on v and the bounds from proposition (9.1) we have
the following rough inequality

J
1Z'Fu(@h,0n) <C > |oz’h|0z50 +C 02 h‘|aZKh|

1
IIHIKI<T] iR Ll
Moreover since HY? = —h,s + O(h?)
we have
azZ7h
| Z1(H*P8,05h,,,)| < C > ‘1 oy |||3ZKh
I+ K<L, 11T 9
Now recall
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Ce(1+t)°
1 Fenarr—e Tt
87 nl(t, z)| < . < N-2
Pzl <y 1
At (-1

r<t

and that the same estimates hold for A instead of h! where « is replaced by 4.
Now x +— 0Z'h(t, ) is in L? and with Cauchy-Schwarz inequality we get

[1027n02" hi(s.)dy < 3 02"h(s, e < CE(1 +5)*

[I|I<N
Since we have

J 10 2 e} 2
/ |Z h (t’x)|2d$ S CM2/ 7"2d7" - S CIM2
(1+1]t—r]) o (A+t+rD2(1+t—71])

where the spherical coordinates have been used.
and with the Hardy’s inequality (lemma 9.6) :

/WCZ < c/\é)ZJhl(t 7)f'dw < O (1 +1)%

Hence with Cauchy-Schwarz inequality and the previous results

|ZJh| K 2 20
(L5 )07 l(s,y)dy < CE(1+1)

Recall the definition of h?w

B () = X($)X(r)

x(r)x(r/t) implies that the derivative are not 0 when 1/2 < r < 3/4 and t/2 < r < 3t/4. Hence we can

M
o
s

see it as a smooth cut off function x({f7). Since 04 = 0 away from the zone r = 0 we have
Mo r
Onl = | —22(0t + or) (ot — O
0 = [P n 4 0r) 01— 0r) (1)
The second order partial derivative with respect to ¢ gives term in T t)g and (111)4 The The second

order partial derivative with respect to r gives terms in Applylng 22 to those terms we get

UH

o CMH(r < 3t/4)
OR, < :
" (1+t+7r)3
where H(r < 3t/4) =1 when r < 3t/4 and 0 otherwise. Hence

1ORO(t, M < M
From Hoérmander inequality on u we get
[ (8, 2)[ (L + ¢+ |2]) < Ce(1+ )%

From the same inequality and the bound (9.1) we have

[ (8, 2)| (1 + ¢ + [2]) < Ce(1 +1)°

Proposition 9.2 follows from applying the same ideas than for v considering Z7u and Z7¢.

Lemma 9.8. If supp ¢ C {(t,z); || < K + ct} for some K >0 and 0 < ¢ < 1 then

6t )| S (A+t+7)2 > 127, )L
|I]=3
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Proof. Fort < 125(@7

o(t,)| S Y 10"9(t,.)

|I|=3
= 7 2 10"t
~ 2K
(1+ 2 +K+ =l
Lht+r)™ ) ||ZI NI

[7]=3

Now for ¢t > % we have supp ¢ C {(t,z);|z|c't} where ¢ = 1£<. From identity (8.12) we get for

11| =3

1
05 55 3017

Moreover since

T+ zl/t+1/t <14+ (1-0¢)/K
t+]z|+1<ct
1o 1
t Ytz +1

and lemma 9.8 follows from the Sobolev inequality.

The previous Lemma and the assumption supp?’ C {(t,z); |z| < K + ct}, ¢ < 1 give

(9.10) ZIT(t,2)| Se(l+1)2  |I|<N—4

Before beginning the subsection on the sharp decay estimates for the first order derivatives we need
to understand the null frame.

9.3 The null frame

Whether a given quasilinear wave equation admits global solution for small data or not depends on the
structure on the nonlinear terms. Here T#" vanishes at late times and so plays no role un this discussion.
The tensor h,, = gu, — My, verify

Oyhpy = Fyu(h)(Oh, ORB) + T,

And we can verify (see the vacuum case in section 3) that

(9.11) Fou (h)(0h, 0h) = P(,h, Oyh) + Q,u(9h, Oh) + G (h)(Oh, O1)

where

1 ’ ’ 1 ’ ’
P(Quh, 0yh) = Sm*® mPP 0,has0yhar g — e AphaarmP? 8, hss
1 1
P(0,h,0,h) = 5auhfwayhaﬁ = 4 Outrhdytrh

Here we have |Q,,,(Oh,0h)| < |0h||0h] and |G, (h)(Oh, Oh)| < |h||Oh|?
The weak decay estimates of the previous subsection imply that
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<19 2 <
Qe (Oh, O]+ |G () (O, 1) < DRI+ 1MOAI® S (e (T

The problem arises in the P(0,h,d,h) terms. Indeed the weak decay estimates only provide a decay

of ’
€
<
PO IS T s =y
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which is not sufficient in the wave zone (i.e t ~ r). To improve this result we need to decompose the
semilinear terms in a null frame we shall introduce and work on its components. It is in fact well known
that for solutions of the wave equation, derivatives tangential to the outgoing light cones 0 decay faster.

At each point (¢,z) consider the pair of null vectors (L, L) such that,
0=1, L=a'/ja, i=1,23 L['=1 L=—ai/la|, i=1,23

We then add two vectors S; and Sy of the sphere S? orthogonal to w = x/|z|. Hence we have a null

frame N = {L,L,S;,S2}. We denote 9 € {0r,0s,,0s,} In what follows we will denote by A, B any of
the vectorfields S, Ss.

We use the summation conventions :
XAAY = XPS 1587 + XPS5588  XaVa = XVPS81a815 + XY P S00525
If X is a vector field : X = X“0,, then its decomposition it can be decompose in the null frame with :
X :XLLa+XLLa+XAAa

For instance, given two vector fields X and Y we have :

3
MapXY? = (X4 XELXAA) (VY E4yA4%) 3 (XL
i=1

x* zt x" x*

xL

—_vL
|| |z

XA (Vo

+yiar)

and

3 (XLm - Xém n XAAZ) (YLM - Y£m + YAAZ)

=1

= Xyl Xby Lo x Py Lo xby Py (XL%YAAZ—XL%YAA%LXAAWL%—XAAWL%JFXAAZYAA%)
X X X X
=1

Finally we have

MapXYP = 2(XEYLE  XLyL) 4 x4y 4

Hence, relative to the null frame the Minkowski metric has the following form :

mrpr =mpp =mpa=mpa =0, mpp=mpr=—2, Mmap =064B

We have the following notations for vector fields : X, = mqpX 8 and we define Xy = MagX ayB =
X.Y?* We have

Xo=XPLo+ XLL, + XA,

And we can show that
MagXaYp = —%(XLYA + X YL) + X4y
hence
LL LL LA _ LA _ LL _ , LL 1 AB _ 5AB
In fact since
L“L,=-2 L“L,=L"L,=0, LYA,=L%A,=0,andA“B, =dap
we have
Xt = —%XQ XL — —%XL, X4 =Xy4
We define kyy = U*VYE,, and EUV = U,V,k* where U and V' are two vectors and the previous

results on the Minkowski’s metric follow.
Finally we define

D = §4PDap
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9.4 The sharp decay estimates for the first order derivatives
In this subsection we assume that proposition 9.2 holds we we don’t need (9.1) to hold any further.

Recall the wave coordinate condition which leads to

1
gaﬁaagﬁu = igaﬁaugaﬁ

This condition can also be written as :

Oy (g’“’\/ |detg|) =0.
We have
|detg| = |det(m + H)| = |det(I + Hm™")| = 1 — tr,, H + O(H?)

Hence

1
g/ [detg] = (m# + H")(1 = Stry, H + O(H?))

And the wave coordinate equation becomes :

9, (H’“’ - %m’“’trH + OW(HQ)) = 0.

which can be written :

O H" =WV (h,0h)  where  H"' = H" —m" tr,,H/2
and [W (h,8h)| < |h||0h].

If we recall the decomposition

g = = = ()

% SHv
r
Then we have

O H!™ =W (h,0h) — 0,HL”  where 0, HI" = 2X’(1LH)M(1 + 1) 7260

Lemma 9.9. Let 0, = (0r — 0¢)/2 and 0s = (0, + 0¢)/2. Then for any tensor k" :
0q(L UKM) = LU, 04k = L, U, 0k — AU, 0ak"" +U,0,k"" UeN

Proof. We can notice that 9, = f%yaa and 9y = %Lo‘f)a. From the previous subsection it is clear that
the divergence of F' can be expressed in the null frame with

0y F¥ = L, 0,F* — L,0,F" + A0, F"

Since J, and d, commute with the frame we let F' = U,k*” and substrace in the previous inequality.
The result follows.
O

Lemma 9.10. We have
(9.12) 0, Hrr| + |047H| < [OH| + |h]|O],
r

(9.13) |0gH1L1| + [0g7H: | < [0H:| + |h||Oh| + M‘X/(m”(l +t47)7,

where X' (8), is a function supported when 1/4 < s <1/2 and T = {L, S1,S2}. Moreover, (9.12) hold also
for h in place of H.

Proof. From the previous lemma we get

01"y = L,UOHY — AU, 041" +U,0,HI™

Hence

|8qf[1 LU| 5 |5H1| + |8MH1|

From
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O H™ =WV (h,0h) — 8, H)”  where  9,H)" = 2X’(1LH)M(1 +1)726%

and |W(h,0h)| < |h||Oh| we get
. —~ T
0,1 1|  [OH1 + 1h]10h] + M| () [(1+ t4+7) 2
Recalling that

A = HY — mPtr, H/2
and picking U =T and U = L gives (6.17). (6.16) is easily obtained in the same way.

Proposition 9.3. We have

(9.14)
0gHipr| + |0t Hy | S e(1+t+7) 2120 (1 +q4)77,
(9.15) |Hyipp|+ rH | Se(l+t+7) 120 e 46201+ g ) Se(l+t+7) 17201 4 g )

The same estimates hold for H in place of Hy if 7y is replaced by 2.
Proof. We first show (9.14). From Proposition 9.2

— Ce(1+1)%
(1+1g)|0ZTHy(t, )| + (1 +t+7)|[0Z H(t,z)| < cd+t)

I| < N —4.
S A +t+r)(1+qp) I <

For |t — r| > t/8 we have

Ce(l+t+ r)25
A+t+r) 1 +q) A+t —7|)

|0 Hy (t, x)| <

Suppose r >t :
Then

1+t+7r < 1+3r<
1+r—t = 147 —
Suppose t > 1

Ltdr 142 _
Tft—r] ~14t/8 =

Hence

O Hi(t )| S e(L+t+7)" 2 (1 +q4) 77

In a similar way :

O H, (t,2)] S e(1+t+7) (14 )

For t — r < t/8 we use the previous Lemma along with proposition 9.2 :

€ 62

O, H O rH, | < |0H h||Oh| <
o Hirr| + |0 H | S [0 | + [R] ‘N(1+t+7")2*25(1+q+)7+(1+t+7’)2*25(1+q+)27+1

The proposition follows.

Recall that

Fu(h)(0h,0h) = P(0,h, 8,h) + Qu (Oh, Oh) + G (h) (0D, OR)

where

1 ’ ’ 1 ’ !
P(h, k) = 5m®® mPP hopkars — e Paam?? kgp

and |Q ., (9h, 9k)| < |Oh||0k| + |0h| |0k, |G . (R)(Oh, OR)| < |h||Oh|?
We can note that

(9.16) |P(0uh,0,k) — Lo Ly P(9,h, 0yh)| < [9h]|0k] + 0k [k

Now we denote Pyr(h, k) := P(h, k) the decomposition of P in a null frame and we have
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Proposition 9.4.

1 1 ’ !
(917) PN(h7 k) = _g(hLLk@ + h@kLL) - Z6CD5C b (QhCC/kDD/ — hCDkC/D/)
1
+ Z(;CD(QhCLkDL +2hcrkpr — hepkrr — hrokep)
Proof. Recall from the subsection on the null frame that we have shown that

LL LL LA _ LA _ (g Ll _ Ll _ _1 mAB — §AB
= =0, = = , =
2

Hence, if we let kxy = kagXaYﬁ then
1
trmk = mPkas = —5 (ke + kpr) +4rk
where

'k = 6Pkap
And if we recall the definition of S; and S5 it follows

Pf‘/k = (5” - wiwj)kij

for 4,7 = 1,2,3 Hence if k and p are symmetric :

paﬁk_aﬁ — maalmﬁﬁ,paﬁka,ﬁ/
1 ! !’
= Z(PLLk@ +prrkrr +2prrkrr) — 62 (parksr + parksr) + 61PN B paakpp

Hence from

1 ! ’ 1 ! ’
PN(p, k) _ 5Tnoza mP8 haﬁka’ﬁ’ _ Zmaa haa’mﬂﬁ kﬂﬁ/

we get

]. 1 ! !’
Py (h, k) = *g(hLLk@ +hprkon) — Z5CD5C P (2hccrkppr — hepkerpr)
1
+ ZécD(QhCLkDL +2herkpr — hepkrn — hrpkep)

which ends the proof.

Now with

PS(D,E):—DABEAB/Q, A,BES, lA)AB:DAB—(SAB,t/f/D/Z

we have

(9.18)
|Pr(h, k) — Ps(h, k)| < (|hlor + b))k + |h[([k| e + rk]),  where |h|pr = |hpo| + |hrs, | + |hLs,]

and from (9.12) with H = —h + O(h?) we get
|Px(h, k) = Ps(h, k)| < (k] + [Rl|O])|Oh]

Hence if we write

(9.19) Pruonom =x(T1

)LMLVPS((?qh, ,h)

where ¥ € C§° satisfies x(¢) = 0, when |g| > 3/4 and X(q) = 1, when |¢| < 1/2 we have
Lemma 9.11.

|Fyur () (9h, 0B) — P, (9h, OB)| < [9h]|0h] + [Bl|OR,  when |q| < 1/2.
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Proof. We have
Fm,(h)(ah, Oh) = P(auh7 dyh) + QW,(ah7 oh) + G,W(h)(ah, Oh)
where |Q,., (0h, 9k)| < [Oh||0k| + |0h[Ok|, |G .., (R)(Oh, Oh)| < |h||OR[>.
With the bounds (9.16) and (9.18) the result follows.

Now with the bounds (9.4), (9.5), (9.8) and (9.9) we have

Lemma 9.12.

62

(L4 t+7)20 1+ |g))(1 + g4)*

‘Flw(h)(ahv ah) _/P/ul/(ah7 8h>| S
Lemma 9.13. If k*% is a symmetric tensor and ¢ a function then

krrl |K|
k*P8,050| < | YA
| B¢N(1+|q|+1+t+r)g;1| ol

Proof. Rreall that 0 € {L,S;,S2}

and that
1 ’ !
Papk®® = Z(Z?LLIC@ +prkor 4 2prpkorn) — 0P (parksr + parksr) + 02B64 E pankpp
Applying that for our expression in the Lemma we get :
k% 06050] S (|k|L|0?¢| + [k||004))
Now from (9.7) applied to O¢ instead of ¢ we get the result.
Lemma 9.14. We have
- e(l+qe)7 K
0, -0 < 07
B, ~D0IS s 2 7
where the asymptotic Schwarzschild wave operator is given by
M
Oy = (m®? + H$?)0o05, where HYP = —X(—l :_t)7(5°"8

Hence, instead of using the the full wave operator ﬁg we will use the estimate for the operator [y.

Proof. We have ~
(8 — )¢l = [H{’ 0a0s6|

Now from the previous lemma we get

HipL| | Hi|
0,050 < (! + 02"
177000501 5 (1170 1+t+7~)§1' )

From (9.15) and (9.8) :
[Hipr| S e(l+t+7) "7 (14 ¢ )
Ce(1+1)»
(It t+r)(1+q)

|Hy| <
Hence

L+t+7)2(1+qp )7 4+ Ce(1 41)%°
HQB < 6( + ZK

K|<1

Ce(l4+ g ) (1 +t47)*

K
S T+ e 2 1927

Ce
N § zK
N (It )21 4 g (1 4 gy )Y K<1‘8 i

The lemma follows.
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In spherical coordinates this takes the form
(9.20)

DO¢>=( o2in,- M (

Jorean)s = H-opsat-a( )t oore (-2 ) oo

r
141 141¢

where A, = Zi’j ij With

M r
D NES
w = X 14t/

we get

Mé r 1 r
9.21 Cohl, = - ouw (’ ) :
(9:21) 0w = (T4 1)3 X1<1+t +t+1X2(1+t)>

for some functions x4(s) that vanish when s > 1/2 or s < 1/4. Hence in the wave zone ¢t ~ r and in the
exterior region, h° is a solution of the asymptotic Schwarzschild operator. Moreover with the definition

of hgw there exists smooth cut-off functions x.s(s,w) supported when s > 1/4 such that
~ M6

9.22 0, — Og)hC | = — 0w b a( )

( ) |( g 0) ;ull (1+t+7’)3 1 XoB t+1

Hence with the bound (9.8) we get

- eM
9.23 Oy —Do)hp, | S
( ) |( g 0) Ml/‘ ~ (1+t+,r.)4725(1+q+)’y

Proposition 9.5. When |z| > ct we have
2

Oohl, — 7., (81, 9h)| < ‘
| 0"t pv /P/u (8 ;0 )‘ ~ (1+t+r)2+7—45(1+|q|)2—’y(1+q+)46

Proof. We have

Oohyy, — Puv(0h,0h) = Dohy,y, — Oghl, + Oghy, — P (Oh, OR)
= (0o — Og)h},y, + Oghy — P (b, 0h) — Cght,

Using Lemma 9.14, (9.8), (9.10),(9.22) Lemma 9.12 and since ﬂghfw = OohY, when |z| > ct we get

14+q4 )7 Ce(1+1)% €
Oohl —F,.(0h, Oh el
B0l O O S o s (L g (L )1 a2 (L 4 7P P a1+ 4"
€ eM
+ +

T+ ree (e
Finally we get
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(T 4 (L4 [P (L + 42)

||:|0 n% /P{IW(aha ah)‘ 5

and the proposition follows.

Now we shall show some estimates on first order derivatives.

Lemma 9.15. Let D, = {(t,z), |t — |z|| < cot}, for some constant 0 < ¢y < 1 and let W(q) be an
increasing positive weight W' (q) > 0. Then

(924)  (L+1t+ [2))|0duy (to)w(g)| S sup Y (|27 ¢(7, )l
0<r< t\flél

+/ ((1+T)||(D0¢)UV(7'7-)E”LO@(DT)+ Z(1+T)71“ZI¢(Ta-)EHL‘X’(DT))dT
0 11<2

Proof. Recall that the Laplacian in spherical coordinates takes the form

%*f 20f 1 /0%f 1 of 1 0%f
i Tl tan(6) 90 sm2(9)3752)

Af =
Hence with A, = > Q?; we show :
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1 1
O¢ = —f(at2 —02)(r¢) + 8w
Indeed, we have Q2 = 2202 —x?@ —2'0, O, +27 /0, ;0g, for 1,7 =1,2,3 and in spherical coordinates :

82

(. 0  cos(f)cos(d) O sin(p) 0 \2
822 (szn(@)cos((b)a * r a0 rsin(0) BTb)
0* _ 0  cos(@)sin(p) O cos(¢p) O \2
y? (sm(@)sm(qﬁ)a + r a0 + rsin(6) %)
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9  sin(f) 0\2
i 0) — — il
022 (COS( )87“ r 80)
The result on the wave operator follows.
Now we have

_lr M 2, 52 Mo WL
(DO_D)¢_T(_ X<1+t)(a +8))(r¢)+( rX(l—l—t))?"QAw(b
And from ZU < C for U in the null frame we have :
(9.25) Dopuv — UV Doy <72 279

|J]<1

Now from (9.20), writing J, = u and 9, = 2= +at we get

o= (100, - ()4 )00+ (1 2 (1) e

1+t T 1+1¢
A straightforward computation shows that
M
‘(48 —2=-0,)0,(r¢) - rmoqs‘ <t Y (274
[J]<2
Hence for |t — r| < ¢ot, with s =t + r and using (9.25) :
M
(0: = =-0,)0,(rou)| S TI@od)uv |+ (t+7) 70 D (279
|J]<2
Multiplying by the weight w(q)
M
(0.~ 0,00, (révv)| S I Tod)ovImla) + (t+1)71 3 |27 6fw(a)
|J]<2

Let (7,2(7)) be an integral curve of the vector field (95 — 2£9,) from the boundary of D = U,>oD; to
any point inside D.
Let ¥ :=w(q)0,(r¢). Then

0 M M
50| < 1= 0,) e+ 10, - =-0,) ¥

Using (9.7) and the fact that w'(q) < Clujr(f we get

U]+ r|(Bop)uv wle) + (t+ 7)1 D 127 ¢[w(q)

l71<2

Al Erer

(9.7) imply that we have for some (tg, o) :
W (to, w0)l < C > w(q)|Z"¢)

171<1

Using the Gronwall inequality we get :

104 (réuy (t,2))0(q)| S sup > |27 ¢(r, )| Lo

0<r<t 17|<1

+ / (A +DN@ot)ov (7, )T (o) + D (L4 7) T2 6(7, )T e, ) dr

[7]<2

The lemma now follows from (9.6), that the estimate is true for h and when |r —t| > cot.
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Lemma 9.16. Let D, = {(t,z), |t — |z|| < cot}, for some constant 0 < ¢o < 1 and let W(q) = (14+q4 )"+,
where —1 < <~y —26. Then

t
(1+t+ |z)|ohyy (t, 2)W(g)| S €+ / 1+ DN Eoh vy (7, )@l Lo,y dT
0

Proof. The proof follows from the previous lemma and the bound (9.8). O
Proposition 9.6. If the weak energy bounds and initial bounds hold then we have for any 0 < v < v—4§
(9-26) (1t 4+ 7)1+ q2) 7Oy | S e

(9.27) (L+t+r)(1+q) T 0RY S e(1+en(2+1)) S e(1+t)°.
The same estimates hold for h in place of h' if v/ =0

Proof. For (6.31) we note that Pyy = 0 in D,. For t > 2K/(1 — ¢) we also have T' = 0 in D, if we pick
¢o small enough. For 0 < ¢t < 2K/(1 — ¢) we have T(t,z) uniformly bounded with (9.10). The previous
Lemma and Proposition 9.5 give (9.26). On order to have (9.27) we note that the only new term is #,,,
which is controlled by

LP(0h,0h)| < |Ohrs)? S (1 +t4+7)"2(14¢q4) 272

Multiplying by (1 + t), integrating, and using Lemma 9.16 and Proposition 9.5 gives the result.
O

9.5 Lie derivatives

Before using commutators and Lie derivatives for our problem, we introduce in this subsection the
concept behind Lie derivative. The idea behind the Lie derivatives acting on a function f : M — R
is to quantify how much the function f changes along the flow of a given vector field Z. In fact, a Lie
derivative can be introduced only with a vector field Z. For any vector field Z there exists a smooth map
0:R x M — R called the flow of Z such that for t € R, and p € M we write o4(p) such that

oo(p) =p
o1(0s(p)) = or45(p)

d
0= Z(o(p))

In coordinate z* we can see that
ol (p) = a"(p) + t2"(p) + O(t?)

when ¢ goes to 0. Hence the flow along Z when ¢ is small enough goes in the direction of Z.
This description implies that we want to define our Lie derivative applied to f for the vector field Z as

L27(p) = lim < [F(0u(p)) ~ ()]

for p € M. Using

Floup) = o) + 124 9L ) + O
we get o7
Laf =28 ozt

The Lie derivative applied for a vector field W is a bit different. Indeed W (o+(p)) and W(p) belong
to two different tangent spaces and we can’t take the limit when ¢ goes to zero of the difference. But
this can be done with the induced map Dy, 0t : To, () (M) — T,,(M). Hence the Lie derivative of the
vector field is defined as :

LW (p) = Ty + (Do gy (W) — W ()]

And in appropriate coordinates it follows that

OWH# ovH
W v _ v
(£2W) Z oxv oxv
Hence
LW = [V, W]

Now we generalize the previous equation to (r, s). The Lie derivative applied to a (r, s) tensor K is defined
by

Q1. ..o Yooy . ToOL Y Qi...ap ..o
ﬁZKﬁf...Bs = ZKBll--ﬂs — 8’YZQIKBL..BS — .. — 042" Kﬁll...ﬁs + ang"’K,yfﬂs + ...+ 655Z7Kﬂ11_“7
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9.6 The commutators and Lie derivatives

We want to apply the energy inequality

t ¢
/ |8¢|2wd;v+// |5¢|2w'dxd7§8/ |a¢|2wdx+/ i/ 106> wdzdr
PN 0 JXE, o 0 1+71 o,
t B 1/2 1/2
+16/ (/ IDg¢I2wdx) (|a¢\2wdx) dr
0 =,

. In order to apply it, we need to commute the system with the vector fields. Instead of commuting with
Z directly we will commute the system with Lie derivatives Lz that appear in

0yZ¢ = Z(0y¢) — (L29°%)0605¢

The Lie derivatives will simplify the commutators by removing the lower order terms.
The Lie derivative applied to a (r,s) tensor K is defined by

(9.28) LoKg0m = ZKG 87 =0, 2% K% — =0, Z° K20 +05, ZVK™ 50 4.4 05, 2V K0

Lie derivative satisfies Leibnitz rule. For the case of our vector fields 9,2 B are constant, which results in
the following commutation properties.

Proposition 9.7. If K is an (r,s) tensor the, with respect to the coordinate system {xz*}, the vector
fields Z = Oy, i, By, S satisfy,

(9.29) L70,,...0u, Kgll_'_'_'ﬁoj =0y, ...6%‘62](2‘11"_'_'53

and

(9.30) L0, K% = 0,LzKp %

Proof. Let Kzll;jl:ﬁl 5. = Ouy -0, L2 K5 5" Then using the definition (9.28) we have
ﬁZKsllf.ﬁ,:,Bl..ﬂs = Z(am'"amc KE‘J.'.‘.‘;?Z") — 0,20y, 8ﬂnglaﬂTs — e = 0420y, Oy, Kgf.‘.‘.'gs

+ 0, 270y O KGL 5T o4 0 270y, Oy K6

+ 09, 270y Oy KO 507 oo 05, 2780, KG10

Now, we have
O O L2 IG5 = OO (270, (KR 5) = 0,20 K — = 0,2 K1,
+ 05, 2K 4L+ B, ZVKg;;;_-jr)
Since d,0 Z? is constant it remains to show that
Oy -Op, 270, (Kgf;‘.‘g‘:) = Z(aﬂ1 ...aMKg;_<_1g‘) + 0., Z”&v..ﬁ#ngll_'_'_‘gj + ...+ 0,270, ~-~87Kgff,','§?
This can be shown using the fact that since 0.« Z? is constant we have
Oy O 270, (Kgll_'_‘_'&) =0Opy---Ouy, (04, 27)0, (Kgllgr) + Oy --Opy 1 Z7040,, (Kgf.'.'.bog)
= aﬂl "'aﬂkfz (8;% Z’Y)a')’aﬂk—l (Kgf,'_'_‘g; ) +aﬂ1 "'8#4@72 (8#19—1 Zv)a’ya#k (Kgf.'.'.b? ) Jra,ul "'8,&%72 Zva’yaﬂk al"k—l (Kgllg;)

Tterating this process gives (9.29). (9.30) follows directly from (9.29).
O

We now define the modified Lie derivative by
(9.31) LoKo0r = £ Koo 4 D75 grygonor
) Z 51~-/@s - 4 ﬂlu'Bs 4 Rl ,81~~65
From this definition it is straightforward to show that we get L Zzm® =0 and L zMqp = 0 for the vector
fields in our collection.

Now let hqg and kqp be two (0,2) tensors and let S, (0h,0k) be a (0,2) tensor which is a quadratic
form in the (0,3) tensors Oh and 9k with two contractions with the Minkowski metric (in particular
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P, (0uh,0,h) and Q. (Oh, Ok)). Then, using the fact the the Lie derivative satisfy the Leibnitz rule and
using the previous proposition we have

(9.32) L7(S,, (8, 0k)) = Sy, (DL zh, Ok) + S, (Oh, DL 7k)
Moreover since Ezmaﬁ =0 and Ezmag =0

L79°" = Lzh*P — %(8727)#” Lzhyw = Lzl + %(&YZ”)hW
Using the fact that

HM = g —mM = —h* + O*(h?) where h* = m““/m""/huzuz
we get
(9.33) L7(9%%0a05hu) = (L29°)060shum + §*° 0005L 7.,

Now let £L be a product of |I| Lie derivatives with respect to |I| vector fields Z.
Recall that under the harmonic gauge, it has been shown that the Einstein-Vlasov system takes the form :

Oghpy = Fuu(R)(0h,0h) + T,y where O, = (9°%)0a0s

and Ty = Ty — SguutryT, tryT = g"T;; and F,,(u)(v,v) depends quadratically on v.
Hence we have

Proposition 9.8.
gLy hy = (0,25 — £5,0,1h,u + LY F (H)(Oh, 0h) + LT,

where o _ R R
[O,L% — L5000 =— > LyHP0,05L5 b
J+K=I,|K|<|I|
and
LLF(H)(0h,0h) = > P(8,Lyh,0,L50) + > Q(OLLh,OLE h) + LG, (H)(Oh, Oh),

J+K=I J+K=I

where N R N N
|1£%G L (H) (R, 0h)| S > [LZH|---|L7 H||OLG h||LZ ]

ItTo+..+I=1k>3
Proof. We have
£IZ(DghMV) = Dg‘clzhw + Z (Eégaﬁaaaﬁﬁlghw)
J+K=I,|K|<I
which results from a straightforward induction on (9.33) and with the previous sytem
£5Oyh) = L5 (Fu () (0h, 0h) + L (T,u)
Hence
Oy Loy = Ly (Fuu(h)(0h,00) + LL(Tw) = > (LLHY0605LE hyw)
J+K=I,|K|<I

Finally, (9.33) gives the result

With Proposition 9.7 and from the wave coordinate equation we now have

0,27

O LyH"™ = (Lyz+ YW (H,Oh)

and writing

LLHM™ = LLH" —mMtr, Ly H/2  trLyH = mag Ly HP
it follows
(9.34) 0. LEH™| S N |LRH| - |LFH|OLY ]

Finally we have the following estimates with the definition of Lie derivatives which only add lower
order terms :

(9.35) S NZ'KI S YT ILLKI S Y 12K

[I|<k 1<k 1<k
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Lemma 9.17. We have

(9.36)  |0,LLH|Lr + |0 Ly H| S [OLLH + > |LLR|OLE R,

[T+ K|<|1|
~ ~ —~ ~ ~ r _
(9-37)  |0,L, Hilpo + |0 LY Hy | S (0L Hy| + Z |LZh||OLF h| + M|X/(m)‘(1 +t+r)7
[T+ K|<|1]

where X' (8), is a function supported when 1/4 < s <1/2 and T = {L, S1,S2}. Moreover, (9.36) hold also
for h in place of H.

Proof. The proof follows the proof from Lemma 9.10, using the estimate (9.34) and the fact that |/3§‘ hl <1
for small |Ij| (see 9.35). O

Proposition 9.9. For [I| < N — 4 we have
(9.38)
4L H L + |0 L7 H| S e(L+1+7)" 22 (14q4) 77,
(9.39)
[LZH|pr + LG H | S e(l+t+7) 7 7420 pe(l4 )2 (14 g ) Se(l+t+7) (14 )
The same estimates hold for H in place of Hy if v is replaced by 24.
Proof. The proof is the same as in Proposition 9.3 O

Now that we used the wave coordinate equation to get some bounds, we shall give estimates for the
inhomogeneous term, the wave operator applied to h° and the commutator term.
Recall that

£L,G s (H)(0h,0h)] < > L3 H| - |LH|OLY h||OLZ ]
Ii+Ix+.. +1p=1,k>3

Now using the fact that |E§“ h| <1 for small |Ij;| we get
LG () @R S D7 |LZH|OLG oL
[I1 |+ T2+ | 15| <|I]

And for any term satisfying classical null condition we have according to the estimates |Q . (Oh, 0k)| <
|Oh||Ok| + |Oh||Ok| :
‘ S Q(oLsh, aEfgh)] < S [LLhlIOLE .
JrE=I [J]+IK[<|1]

Recall the expression of #,,, from (9.19). With (9.16) and (9.18) we get
ST P@uLIhLER)| S > Puw(0L5h0LER) [+ Y (|04L5h] .+ |0 Lh|) |OLE ]
JrK=I [+ KI<|1| |1+ K |<]1]

Finally we get

L%, F,., (R)(Oh, Oh)|
< > |PwloLghockn)| + > [OLLRIOLE b + > \LLh||0LY h||0L2 )

II+IKI<|1| [T+ KI<|1| |11 |+ 12|+ 15| <|I]

Using the expression (9.19) and splitting the sums between low and high derivatives we get

(9.40)  |LZFpuu(h)(Dh, 0h)]
< (|0n]ss+Oh|+|R]|0n]) > |0LGh|+0R] > [OLGh+0R* > LG+ Y |0LER] > |oLyh]

[J1<|1] [JI1<|T] [JI<|1] |K[<|1]/2 [JI<|]-1

5(1 + Q+) ! ~J 6(1 + t)%(l + ‘J+) 20 arJ 62(1 + t)46(1 + ‘1+)74(S ~J
|8£Zh’ + (1 ; r)(l |q|) |0L7h| + |L7h|

STyt 1+t+m2(1 2
R 171<1| (L+t+r)2(1+la)* | 7,
+ > |ocknl > |oLhhl
KI<T1/2 71<IT]-1
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We now give estimates of the wave operator applied to h°. Recall from (9.22) that with the definition

of hY,,, there exists smooth cut-off functions xas(s,w) supported when s > 1/4 such that

By~ ot = s v (57 )
Hence
(9.41) 1£%(8, — Oo)hl, | < (1+tM+r)3 > |2y

1<
and using (9.21) we get
(9.42) 1£L00h0, | < X (—)
(T+t+r)3" 1+t

where x'(s) is supported in 1/4 < s < 1.

It remains to estimate the term [IigEIZ — EIZEQ]QSW. Recall that we have the following expression for
this term R B R R
Boly ~ 5B =~ S ELH0,0,E56,
J+K=I,|K|<|I]|

Using Lemma 9.13 we can get a bound for this term and we have

(9.43) 0,25 - £50006m| S | . oo
||+ K |~1<][1] 1+ 1q] 1+t+r)
1I<IK|ST|

Now, since we have Iﬁg =0 + (H*P — Hg‘ﬁ)ﬁaﬁﬁ we get

O0fy ~C0ow =~ > LLH0.0,E5 0,
J+K=I,|K|<|I|

Using the fact that Hy ~ % we have in a similar way

(9.44)
N (LLHo)re| | |£5Ho| M(1+q])~!
[CoLZ L5000 | S D | Yol bw| S —=—— D |0LE 6
AL L R = Lrtrr &
Using proposition 9.9 and (9.8) we also get
(LgH)Lc| | |L4H] e(1+q:)7
) + > 0LEdu] S ¢ = — > |0LE o]
J<|I|/2+1( L+1d HHT)I«H SR Ch 0t O U e st '
And finally we have
(9'45) H(ﬁg - DO)EIZ - £Iz(ﬁg - DO)]QSuu’
e(l4+q4)77 K K ’(EéHl)LL’ |Z§H1|
Sriamna g 2o [0LEowlt D JoLEowlt 3 ( 1+l )

|K[<|1] [KI<|I]/2 [TI<|T]

9.7 The sharp L* decay estimates for higher low derivatives

In this following subsection, we do not change many things from the article of Hans Lindblad and
Martin Taylor [1] (p. 62,63) since the computations are well explained. As they notice, ”As we have
alrealdy proven the higher order weak decay estimates in Proposition 9.2 and the higher order sharp
decay estimates for components we control with the wave condition in Porposition 9.9 it only remains to
generalize proposition 9.6 to higher order. In order to do that we will as before rely on the crucial Lemma
9.15 to control transversal derivatives in terms of tangential derivatives, which w control by proposition
9.2, and Oy close to the light cone |t —r| < 1 — c. It therefore only remains to get control of Doﬁlzhiy
close to the light cone [t — r| < (1 — ¢)t where 0 < ¢ < 1. When |t — 7| < (1 — ¢)t we have by (9.21) and
(9.22) 7

£5,0,h%, = LY Fu — £330, — Oo)A

nv

[t—r| < (1—-c)t
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Recall (9.41) which gives an estimmate on the second term of the right hand side.

- M ~
1£4®, - DOl £ e 3 |EH
wl e~ 1 t 3 Z
W+t i
Using Proposition 9.2 we get
eM

£5(3, — Oo)hl, | < ,
’ Z( g 0) p,l/‘ ~ (1+t+7")3726(1+q+)’y

With (9.40) we also have
(9.46) |} Fu (H) (01, O)|

(14 q:)? oy E(1+q )™ S(14qq)~% SK } : £
< T4y } : |5£Zh’+ + + Z ’85 h| |8£ h‘
S 3—46 3—66 3 z z
T+t+r 2= A +t+r)P R0 +lgl) A+t+r)3=%A+]q)* S 1<l

Now
OoLyht, = L400hL, + [OoLy — L500)hY, = £50,h), — £5(0, — Oo)hl, + [DoLy — L500)hL,

We have already estimated the first term in the right hand side. It now remains to estimate the second
and the third one. In order to have bounds on the third term we recall the (9.44) and we get

57 I 1 e(1+g))7! SK 1
|[|:|oﬁz - Ezmo]hw < BETETE K|z<:|1| ’852 ..

Now we have

= Al = 1 €(l+q+)77 AK 1
H(Dq - |jO)K’Z - ’C’Z(Dg - DO)]huy’ 5 (1 i+ 7‘)1+7725(1 + |q|)1,7 |KZ<:I |8£Z huu’

Since
LIZ(Dg - DO)]h,lw - [(Dg - DO)LIZ - LIZ(Dg - DO)]h,lw = (Dg - DO)EIZh,lw

we obtain in a similar way

~ 1+q+)7 5 (1 +q+)*
£L@, - Og)hk, | < el OLERL| <
1220, = Bollh| = s g K;m’ 2hul S T e

Hence we finally get

~ 1 -1 ~ ~ ~

e i) i /= 7| N SN2 T SR )27
[JI<I1] |K|<|I|/2 [J|<[I]-1

(1+q4)"" e(1+q+)">

_|_
(PO Jal) L+ C 7P+ g

Using Lemma 9.15 and Proposition 9.2 :

Lemma 9.18. Let D; = {(t,z), |t — ||| < cot}, for some constant 0 < co < 1 and letw(q) = (14q4 ),
where —1 <" <~ —24. Then

t
(1 +t+ |z)]OLZh (8, 2)w(q)| < e+ / (1 +)(CoLZh) (7, Jwll L= (b, dr
0

Proposition 9.10. If the weak energy bounds and initial bounds hold then we have for any 0 < ' < v—24,
and |I| = k < N — 5, then there are constants ¢y, such that

(9.47) (Lt 7)1+ ) T OLLR'| S exe(1+ 1),
The same estimates hold for h in place of h* if v/ =0

Proof. We shall prove this proposition by induction. Let Ny (t) = (1+1¢)37; < oL h (¢, )W Lo (D)
and we show by induction that Ny (¢) < cxe(14t)< The case k = 0 has already been proven in Proposition
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9.6. Suppose that we have the result until £ —1 and we shall show it for k£ > 1. Recall that we have shown
above that

~ 1 -1 ~ ~ ~

L P et DI /= I MU SN2 VIR SR )27
[JI<IT] IK|<|T|/2 [7]<IT|—1

E(1+q)7 " (1 +q+)">

_|_
A4+t+r)3=41+|g))  (IT+t4+r)2H7=99(1+ |g])2

Moreover from previous Lemma we get the bound
t
(L4t + [z)]OLZh! (t, x)w(q)| S € +/ (1 + ) @oLzh')(7, )@ L (,ydT
0

It follows that

fL+lg)t 1
1+t+r 1+t+r

Ni(t) S (1+1) (e [ 0+ NOOBLR ) il o, )

' 5711 2
(g (e | 0+ DIELE ol o, i)
Hence

€

(1+1)

Nel®) S (e+/0tNk(T)dT) +mlt)g(e+/ot(1+7)|(Dozghl)(T,.)w||Lm(DT)dT)2

where |G| = |I] — 1. Using Cauchy-Schwartz inequality on the second integral we finally get

boe o
Ni(t) S —— Ni(r)d ——Ni_1(1)%d
s et [ TN+ [ Nt

Now with the induction assumption we have for some ¢ > 4ci_1

t
Nk(t) < Ck'/ LNk(T)dT+Ck€(1+t)2ck—15
o 1+7

Applying Gronwall inequality gives
Ni(t) < cie(1 + 1) + cpe(1 4 )2k 1€
And hence we now write ¢, such that
Ni(t) < cpe(1 4 t)°+€

Inserting this into the integral of the Proposition gives the result.

9.8 The energy estimate
It has been shown in [3] (p. 34/78) the following Lemma

Lemma 9.19. Let ¢ be a solution of the wave equation ﬁgcé = F, with the metric g such that for
Hozﬁ — gaB _ maB ;
(1+|g)) Y H|pL + |0H| L + [0H| < C'(1+1)7!

(L+lg) ™ H| +0H| < C(L+4)"2 + (14 [g) /2 (1 +g-) 7"
for some p > 0. Set

A+ [r—th*> r>t J , A4+2v)1+|r—t)*> 7>t
= an w =
L+ (14 |r—t)2~ r<t 2u(1 4 |r — t|) 21 r<t

Then for any 0 <y <1, and 0 < € < ~/C4, we have

t t
|8q§|2wdx+/ / |5¢|2w'dxdT§8/ |8¢|2wdz+/ Ce / 00| wdzdr
N 0 Jz, o o 1+7Js,

+16/0t (/Z Fgwda:)l/Q(/ET |8¢\2wdm)1/2d7
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We can see that here the weight function gives a control of the tangential derivatives of ¢ which takes
the form O¢.
Now let’s remind our Theorem 3.1. We thus define

waxr an k w arart
ath” d d  Si( ath” "dad
|I|<k |I|<k

In fact, the energy appearing here and in Theorem 3.1 really comes as a motivation from the energy
inequality with weights. From the previous Lemma we get

t
Eo(t) + So(t) < 8E(0) +/ ﬁEO( ) 4+ | F (7, )w/?|| 2 Bo (7)Y 2dr,
0

where |F| = |F,,(h)(0h,0h) + f,w - ﬁgh?w|. Now, from Lemma 9.11 we get
| Fu (h)(Oh, Oh) — P, (Oh, 0h)| < |Oh||0h| + |h||0R|?
From the definition of ,P(W, Proposition 9.6 and Proposition 9.2 we have

€|Oh|
(1+t+7)(1+qy)

FADICIRIDIS
Writing h = h® + h! and for j = 0,1 :

_ €|on|
(At (1 4qy)

Hence we have
[F(E, Jw' 2|12 < e(1+ )7 H|OR(t, )w/?|| = (14 t) " Ey(t)/?

and from

0 < Me
Tl 4g)I+t+r)3

we get
Me

FO(t Ywl/?|),. < ———
1526, 0t S e

We now need to estimate the L? norm of D ho In order to do that recall the Hardy-type inequality :
For any —1 < a <1 and any ¢ € C§°(R?) :

‘¢|2 w 2
/<1+|H|> N e 5 [ 199 T

10,85, < 1[0y — TolhS, | + |[Do — OJRY, | + |OAY, |

Moreover we have

From the definition of the operator and using

M
1£5(0, — 00| S 5 > |LLH|
(1 +t+7)3 =i

we get

ColHh|M  M*X'(&:) | MX' ()
(I+t+r)  (A+t+r)?t  (Q+t+7r)3
Using the previous bound in the Hardy’s inequality gives

Byt | <

||ﬁghgyw1/2||m < COM(1+4t)"2||0H (¢, Jw'/?|| L2 + MM (1 + t)~3/2

where My is a universal constant. Hence

t t 1/2 1/2
Bo() < 8Eo(01+C'e [ 2 arcre [T o, / L / 17, e En(r)dr
0

o 1+7 (1+7)2 T)3/2
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9.9 Higher order L? Energy estimates

In this subsection we make the assumption on € : ¢xre < § where the constants ¢ have been defined
in Proposition 9.10. We write :

. € ~ . ki Ckle(lth)Ck’e P

7 = S locgnl|, Ry = > oLk
(IT+t+r)(1+q4) 1=k (I+t+7)(1+q4) Ji<he

ki _ E(1+t)¥(1+qy)™* Z |Eéhj| ki _ e(1+8)2(1+qy) 2 Z |5/:‘§hj|
P (M4 t+r)2(1+g))? Yt ’ * (L+t+r)+ld) | =,

From the inequality (9.40) and with k = |I|, k' = [k/2] + 1 we have :
|L,F,u(h)(0h,0h)| S F{° + F{' + F}° + F§' + F{° + F}' + Ff° + Ff!

Since

YIZ'KIS Y ILEKIS Y |1Z'K]

1<k 1<k 1<k

we have the following L? estimates :

1/2 € 1/2 cre(l +t Cpr€
(Jirepoa) ™ s pmo - ( firrue) s S R0

Now from Proposition 9.2

k0 eM k0 eM(1+ 1)
F < <
| 1 |N 3 2~ 3
1+t+7)3(1+qy) (1+t+7)3(1+q4+)

we get the L? estimates :

1/2 eM 1/2 creM
k0|2 < k0|2 < k
(/|F1 | wdw) S A+ (/‘FZ | wdm) N1 t)E—owe

The inequality for Fi° and Ff° can be estimated in a similar way and we get

2
kO 2 eM
/|F wdx < 7(1+t)2*45

eM
< -
/l wdx (1_|_t)3—2'y

Using Hardy’s inequality for Fé“l we get

1/2 €
(f 18 Pwae) " S Bt

For the term FJ! we first use Cauchy-Schwarz inequality and we get

/|Ff1|2wdx</62(1+t)46(1+q+)_46 S 925 Pwds
(I+t+7)2(1+|q) =i

We then first bound the fraction that appears in the integral by taking r = 0 in the denominator and
since w(1 4 ¢4 )% (1 + |g])? < w' we get

/| 2wda < (1+t2 45/ Z ‘GEJhl‘ w'dz

[7I<I1]

Now with the inequality of arithmetic and geometric means we get

1/2 t EE (7')
k12 1/2 2 el A
/ ( / Fi' Pude) " E(r)'/2 < eSy(t) + C /O =i

Since ¢ < 1/4 we finally get

(9.48)

L reBL(T)Y?  cpe(l+ T)owe eM
I1 < ' el k 1/2 1/2
/ /|£ Fu|[oLyh fwdzdr < C /0 ( T T Erp_1(7) +—(1 +t)2_7_ck/6>Ek(T) dr+eSy(t)
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Now, we want an estimate of the wave operator applied to A°. From

~ M ~
150y =00, | S =5 > |LLH]
H (I+t+r)3 et

and using Hardy’s inequality we get

N M .
1(£5(3y — Do)h(t, ))w'/?|| > < REE > IOLLHy(t, Jw'/?| o
1<k

Hence, it remains to estimate H&EAIZHl(t, Jw?| 2. In order to do so we recall that we have H; =
—h! + K(h) — h® — Hy where K(h) = O(h?). Moreover we can estimate the factors with h' after using
Hardy’s inequality and express term in term of the Energy Ej(t). Since h° is explicit we have

S 0L Hy(t, w2 12 S eM + Ey(t)?

[T|<k
It follows
H(EIZ(Dg - Do)ho(ta ~))w1/2”L2 S mEk(t)l/2
Moreover, since
M r
EID hO < /
[£250h | S Artrr3X (1+t)
we get
M2
I 0 1/2 2
> ILL00h0) (w22 S ﬁMkm

[1|<k

for some universal constant M.

It remains to estimate the commutator. With (9.44) and (9.45) we get

0,25 — £50,0nL, | < FF + FE + FE

where € ~
FF = > L% n),|
1+t g
(I+ )IK\S\II
and
ko e(l+qy)” Z L7 H | F}c:f(lth)z‘s(lJr%—)MY Z ’(ﬁéHl)LL|X( r )
O (Lt )2 + gl T (4t 41+ ) 1+ q| t+1

[JI1<|1] [JI<|1]

For F¥ and FF we have in a similar way

1/2 €
( / |Fé“\2wdx) < ——Ej(t)/?

~M1+t
FFPwd 1/2 < € B (t)1/2
|F5 [Fwdz S Aterzet
For F¥ we shall use the following Corollary which has been shown in [3] (p. 68/80) :

Corollary 9.1. Let v > 0 and g > 0. Then for any —1 < a < 1 and any ¢ € C§°(R?), in in addition
a < 2min(vy, u), we have :

w

oF (At~ / SR
de < [ |0¢)° min(w', —————)dz
T g S f e mints )
Now we estimate the last term F¥. From Lemma 9.10 we have
0L Hvr + (0 LLH| S LLH|+ > |LZhlIOLE ],
[T+ K| <|T]
~ ~ == - - r
0L Hylor + |0 Ly Hy| S1OLZHL + Y |LZh|I0LE R +M|Xl(m)|(1 +ttr) 7
[T+ KI<|1]|
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First, using the fact that (14 ¢) < (1 + ¢+ r) and that x is a smooth cut-off function we write

2 1+q.)~ 2 (L4 Hy) e
Fk 2 d < 67 / ( * 2 d
JIERTERDY Trr 0 B0+ Q+? %

Using the previous corollary we get

/|F7| ’LUdZ'< —_— Z /|8 EZHl LL| I’l’lll’l( W)d

|J|<\I\

With the inequalities from Lemma 9.10 stated above and the inequality of arithmetic and geometric
means we get

/|F7k|2wdx

s (> /\35 H)p) wder Y / BEREE RS +/ MPu'dz
~ Z7H1)LL —146 7 74)
1+T [JI<I1] [T+ K|<|1| L+t+r e|<ar/a (L+7)

) 2
(14 qp )4 o2 |L4h) 2 M?
BN |J|z<:1 Attt i (1 +1ql)? (1+7)3+2m

Now, we write h = h® + h'. Using the fact that

(ta) = LEI= I >
w(t,xr) =
1+ +r—th)=2» r<t

,splitting the integral in two parts, using the definition of A and that the Lie derivatives and the vector
fields are comparable we get :

(1+q) % (lozssop B M
OLLh +7)wdm§—
JZ/ Wi PE T+ (g (L) s

From Hardh’s inequality we have

1+Q+ -4 11 ‘Eéhlf 1 .
Z / )3—89 ’81: h | + g Jwde S N 7T T 3 8s Z /|8ﬁzh | wdzx
1< 1+t+r ( (1+q|)? ) ~(14+7) =
Hence
/‘F7 |2wdx< — Z /’8 EZHl LL‘ wdx—i— ( Z /|a£‘]h1|2wda:+M2)+64W5
"< +7)° =i (14 7)i-2—4

It follows that

1/2
/(/|F7k\2wdm) Ek(7)1/2d7'

b e t C'e C'e? 1
< /2
7es,€(t)+/0 1+TEk(T)dT+/O ((1“)3/2 + (1+T>2_7_26>ME;€(T) dr

Hence from R B
[0,L7 — LL0,)h,| S FE + FY + F}

we get
t ~ o~ ~
(9.49) /0 / [0,L% — L50g)h}, |[0LG R wdadT

b Cle K C'e C'e?
< X 1/2
_eSk(t)+/0 1+7Ek(7)d7+/0 ((1”)3/2 + (1+T)2_7_26>ME,€(T) dr
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"

Theorem 9.1. Suppose that N > 9. Then there is a e > 0 and constants C'y/,d1, ...,dn depending only
on N, Cy from (9.1),¢,K and a lower positive bound for min(y,1 — ), such that for all t € [0,Ty] and
€ < €N,

tQk(7)+ Qr—1(7)

t) < 8Qx(0) + MM + CY!
Qk()— Qk?( )+ k + N€ 0 147 (1+7—)1*dk6

t
dr + M, Z/ | ZT (7, )| L2 dT,
0

1<k

where Qk(t) := supg<, <, E(T)Y? and Q_1(0) =0, and My, ..., My are universal constants.

Proof. We shall prove this theorem by induction. The case k£ = 0 has been shown. Suppose that the results
holds for some k — 1 and we shall prove it for k. To understand the proof I will write the ingredients that
we will need here. First the definitions

t
Ei(t)= > [ 10Z'h'Pwdz and Sp(t)= Y / 102 ht 2w dedT
1<k = 1<k 70 %

Then the energy inequality (Lemma 9.19)

¢ ¢
/ |06 |2 wda +/ / |0¢|*w’ drdr < 8/ |06 |2 wda —|—/ Ce / 06> wdxdr
= o Ju. %o o 1+7 /s,

+16 /Ot (/ET F2wdz>1/2</ZT |8¢\2wdz>1/2d7

The inequalities (9.48) and (9.49)

t t 1/2 Cpr€
I 151 / eEy(7) cpr€e(1+7)% 1/2 eM 1/2
/(; / ’LZFHV‘ ‘8£Zh’ "U}dl’dT S C A ( 1+1 + 11+ Ek_l(T) +W>Ek(T) dT+€Sk(t)

t
/ /\[DQUZ — L300} 0L R wdadT
0

tCle to e e .
< /2
< eSk(t) + /0 T Ey(T)dT + /0 ((1 7)3/2 + { 7')2_’7_2‘5) MEy (1) *dr

The equation
ﬁgEIZhW = [EQEIZ - Elzlig]h;w + EIZF;W(H)(aha oh) + EIZTW

Finally the fact the vector fields and Lie derivatives are comparable

SN Z'KI < Y ILLKI S Y 127K

[I1<k [I1<k <k

From all these ingredients, applying the energy inequality to Z'h! we get

E MEy(1)Y/? , L reBL(T) cpe(l+T)0we
< RN /
Ek(t)+5k(t) < 8Ek(0)+32eSk(t)+16Mk ; (1 n 7')3/2 dr+C E/O ( 117 + 117 Ek_l(T))dT

2

t t . 1/2
1" € € 1/2 Z I 2 1/2
+C /0 ((1 +T)2—7—max(26,ck/e)+(1 +T>3/2>ME7€(T) d7+16/0 <I|<k HZ T(T7')HL2) Ek(T) dr

We choose € small enough os that 32¢ < 1 to take off Si(t) from the inequality and so that cxre < 2§
and so that C”e < Mj,. Theorem 9.1 follows.
O

10 Proof of Theorem 3.1

This section is dedicated to the proof of our main theorem. We follow exactly the path of the paper
from Hans Lindblad and Martin Taylor [1]. One gives T} the supremum of all times 77 such that a solution
of the reduced Einstein-Vlasov system attaining the given data exists for all ¢ € [0,77] and satisfies the
bounds :

(10.1) En(t)? < Cne(1+1)°, S 2Tt )|l < Ce
[T<N-1
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for all ¢t € [0,71], where § > 0 is such that 6 < v < 1 — 8§ and Cy is a fixed large constant to be
detemined. The set of such T3 is non empty by the local existence theorem of Choquet-Bruhat and hence
T, > 0 The main objective is thus to use the Einstein equations to prove that the bounds in fact hold
with better constants, provided the initial data are sufficiently small. We suppose T, < oo.

We have the following bounds on £ :

Che(l+1)% Che(l+1)%
10.2) |h(t,z)| < N , 8" 27 on(t, x)| < 2
(102) 1rt.2)l < T T v e Ile;N_J OIS T T A+

Hence the assumptions for proposition 4.1 are verified and provided e is small enough we get
supp(TH) C {(t,z) | |z| < ct + K}

for some 0 < c< 1, K > 0.
Hence we have from Proposition 9.6 and Proposition 9.10, and Theorem 9.1 :

" ¢ Qk(T) Qk 1( ) Im
(103)  Qult) < 5Qu(0) + Ml + Cie [ Py Ty +Mkm2<k/ 1217 (r, )| gadr,

where Q(t) = supg<,<; Ex(T )2 and Q_1(0) = 0, and My, ..., M}, are universal constants for each
k=0,1,...,N and for all ¢ € [0,T%] where Q_1(t) =0
Moreover, (10.2) imply that

S 12Tt < N

|I|<N—4 (14 t)te

for t € [0,T.] and |x| < ct+ K with a = 2—2¢. The assumptions on theorem 3.2 are therefore satistifed

S0
Vk(1+DN) E,_4(t )1/2 1 /t Ek(8)1/2
I _—
|12|<:k”Z BIFERS (1+1)3/2 +DN]DLEJ+1<(1-|—t)1+a + A0 ), (1+5)1/2d8)
Vi(1+ Dy)e Q1)
< B
ST et I sy

for all k =0,1,..., N and for all ¢t € [0, T\], where the constant Dy depends on C. From Lemma 9.8 we

have o
€
> 12Tl <
IT|<N -4

From the support condition on T we define the function 1 such that (¢, z) is the indicator function
of the set {(t, :c) | |z] < et + K} Recall that TH = TH — 19" TryT. Writing g = m + h® + k! we have
THe = THv — m’“’Trg hO/“’Tr T— 1h1””TT T Hence we have

YNZTE e S Y N2 T+ Y 12T e~ Y 92" W @) e

[1|<k 1<k [JI<k/2] 1<|TILk
+ Z W Z R (¢, )] e Z 1Z1T(t, )|
| 71< [k/2)+1 1<k
Hence Vi(C + Dy) (1) (1)
+ Dy )e k k
zIT < IR TN L pyDys D
|zz<:k” N ) e (e R ()

for k = 0,1,..., N where the constant C' is independent of C'y and the constant D, depends on Cy.
Inserting into (10.3) and using the fact that,

QN(O) + ]DLN/2J+1 + VN +M<e

and changing M}, and C}/ if necessary gives,

tQk(7)+ Qr—1(7)

. < ///
(104) Q () M6+C 0 147 (1_|_7-)1—dk€ ™

38



for k =0,1,..., N From an induction and using the previous bound along with the Gronwall inequality it
follows that

(10.5) Qi(t) < (Mo + ... + My)e(1 + t)(@rtFdet (b)Y )e

Moreover, theorem 3.2 implies that,

I Qn-2(t) b Qn(s)
KXN: 1HZ T(t, ) §€(C+6DN)+€DNM1/2_25+EDN/O (1 sz

where the constant C' is independent of C'y and the constant Dy depends on Cy. Inserting the above
bound for @y gives

> NZ'"T(t )|l £ Ce+ Dye®

II<N-1

provided e is small enough for some new C, Dy as above. As above,

S 2T s S 12T+ Y 12T Y wZTRE

[I|<N-1 [I|<N-1 lJI<IN/2] 1<|I[<N-1
+ Y Wz e Y 12T )|
|JI<|N/2]+1 [I|<N-1

And with Cauchy-Schwarz inequality we get

S W2 ) < (14 PP —— By (0
1<|I|<N-1

and it follows that

S IZ'T(, ) < (C+ eC)(Ce+ Dye?) +
[T|<N-1

and so,

(10.6) S IZ'T(t, )| < C'e+ Diyé?
[T|<N-1

where D%, depends on Cn and C” does not. It follows from the bound (10.5) with & = N and the
bound (10.6), provided the constant Cy is chosen so that Cx > max(2(Mg + ... + My),4C) and € is

chosen so that € < min(Z(dy + ... + dy + (N + 1)C¥/) 7L, 4%%), that the bounds

C = C
1/2 ~“N 5/2 I YN
En(t)'/? < =Fe(1+1)"2, mgle 12Tt Yo < e

hold for all ¢t € [0, T\]. Appealing once again to the local existence theorem, this contradicts the maximality
of T, and hence the solution exists and the estimates hold for all ¢ € [0, c0).

11 Conclusion

More than a hundred years have passed since 1908 when Hermann Minkowski gave a four-dimensional
formulation of special relativity according to which space and time are united into an inseparable four-
dimensional entity. Minkowski metric is on the basis of empty space solution of Einstein solution. It is
the flat spacetime manifold R*. This report was dedicated to the stability of Minkowski space but one
could ask if this spacetime is an accurate representation of the reality. Indeed, as we’ve seen, Einstein’s
theory of general relativity details how massive objects warp the spacetime around them and thus, locally,
spacetime is curved around every object with mass. A measure of the curvature of the spacetime is given
by the density parameter Q2 which is defined as the ratio of the actual density to the critical density of the
Friedmann universe (which is a model universe in motion). If 2 = 1 the universe is considered flat, Q > 1
would indicate that the universe has a positive curvature whereas {2 < 1 leads to a negative curvature.
Measurements from the Wilkinson Microwave Anisotropy Probe (WMAP) have shown the observable
universe to have a density very close to the critical density within a 0.4% margin error. Hence, if the
assumption on the work previously done are true, we should stay close to this space for a long time.

89



References

[1] Hans Lindblad and Martin Taylor, Global stability of Minkowski space for the Finstein-Viasov
system in the harmonic gauge, arXiv :1707.06079.

[2] C. Bardos and P. Degond, Global Ezistence for the Vlasov-Poisson System in 8 Space variables
with Small Initial Data, Anal. Non Linéaire, 2, 1985, 101-118.

[3] H. Lindblad and I. Rodnianski, The Global Stability of Minkowski Space-time in Harmonic Gauge,
Ann. of Math. 171, 2010, 1401-1477.

[4] Y. Choquet-Bruhat, Introduction to General Relativity, Black Holes & Cosmology, Oxford Univer-
sity Press, 2015.

[5] D. Fajman, J.Joudioux and J.Smulevici, A Vector Field Method for Relativistic Transport Equa-
tions with Applications, arXiv :1510.04939

[6] H. Lindblad and I. Rodnianski, The weak null condition for Einstein’s equations, C. R. Math.
Acad. Sci. Paris 336 (2003), no. 11, 901-906.

[7] H. Lindblad and I. Rodnianski, Global existence for the Einstein vacuum equations in wave
coordinates., Comm. Math. Phys. 256 (2005), no. 1, 43-110.

[8] Eric Gourgoulhon, Relativité générale, http ://luth.obspm.fr/~luthier /gourgoulhon/fr/master /relat.html

[9] J. Smulevici, Small Data Solutions of the Viasov-Poisson system and the Vector Field Method., Ann.
PDE 2 :11 (2016).

90



